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Outline
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Need for a surrogate model
• Numerical Relativity (NR) simulations are computationally very expensive 

• Covering the whole parameter space (eg. for binary black hole mergers) is 
impractical without some means to interpolate between waveforms  

• Traditional fitting methods tend to use a best fit (maximum likelihood) 
approach 

• Bayesian approach propagates the uncertainties through the fitting process 

• This can highlight lack of knowledge about particular regions of the 
parameter space
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Gaussian Process Regression
• Gaussian process regression (GPR) is a Bayesian, non-parametric solution 

to this problem.  
- Make minimal assumptions about the form of the underlying function  
- Provides uncertainty (in fact a full posterior prob. dist.) on its “fit”  

• Gaussian processes are a Bayesian approach to multidimensional 
interpolation and regression.  

• GPR is therefore a good way of keeping track of uncertainty within an 
interpolant model. 
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Gaussian Process Regression
• Consider a set of data, D, such that 
• To fit some underlying function to the data, we typically do  
 
 
 
where ϕi(x) is a set of test functions and wi is each function’s corresponding weight 

• The weights are chosen randomly from a Normal distrubution with 0 mean and variance   

• To obtain the posterior on the best fitting function, we must marginalise over the weights  

• This reduces to a normal distribution given by 
 
 
where K is the covariance matrix
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gpr : foundations

Given some data,

we would like a model to predict the value at a new input .
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gpr : foundations

For a parametric fit to data

with
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gpr : foundations

For a parametric fit to data

with
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gpr : under the bonnet

so

marginalising out the weights, and absorbing into the
Cholesky decomposition of

Linear model induces a Gaussian distribution over the outputs.
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gpr : under the bonnet

so

marginalising out the weights, and absorbing into the
Cholesky decomposition of

Linear model induces a Gaussian distribution over the outputs.
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gpr : covariance

Can represent a Gaussian distribution using a covariance
matrix:

needs to produce a positive-definite matrix.
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Example
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gpr : under the bonnet

so

marginalising out the weights, and absorbing into the
Cholesky decomposition of

Linear model induces a Gaussian distribution over the outputs.
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Gaussian Process: prediction
• Since we have                                    then if we want to predict a value y* at 

a new parameter choice, x*, then we have 

• This becomes 

• The covariance between different pairs of x locations can be written down 
in terms of a distance between these pairs; we define a distance function 

• Then, the covariance matrix is a (squared-exponential) function of these 
distances
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making a prediction

We want to predict at a position

We find
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making a prediction

We want to predict at a position

We find
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and the autocovariance of the input, K
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The predictive distribution can then be found as
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Equation 3 emphasises the value of the GP approach
to interpolation, as the value returned from the model is
not a single point prediction, but a posterior probability
distribution which describes the uncertainty of the pre-
diction, along with the “best estimate” prediction as the
mean of p(h⇤|x⇤,D).

A. Choice of covariance function

A covariance function can be designed for any given
Gaussian process by considering

• the hyperparameters of the covariance function (in-
cluding the definition of the metric on the parame-
ter space),

• the functional form of the covariance function,

• the inclusion of errors from training points.

A much fuller discussion of these considerations is given
in[5], however a summary is made here due to the im-
portance of these considerations in the remainder of this
work.

The definition of a covariance function requires some
concept of the distance between two points in a parame-
ter space. A straight-forward way to do this is to use a
distance function of the form
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Such a distance function is stationary, and a covariance
function using this distance metric will then be a station-
ary Gaussian process. During the training of the Gaus-
sian process the quantities ⇤

ab

can be treated as hyper-
parameters, and determined by maximising the Gaussian
Process evidence.

The functional form of the covariance function is im-
portant in defining the prior belief about the form of the
function which generated the training data. A common
choice of covariance function is the exponential squared
covariance function [9],

k
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This functional form implies that the generating function
was infinitely di↵erentiable, however, generalisations of
this covariance function allow the di↵erentiability to be
altered through the addition of a further hyperparame-
ter, allowing the smoothness of the generating function
to be learned during the training of the GP. We define
a shorthand, SE, to refer to this kernel, omitting the hy-
perparameters for notational convenience.
A similar, but slightly more expressive family of kernels

are the Mátern kernels, of which we consider specifically
the Mátern-5/2 kernel, which takes the form
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Again we define a shorthand, M52, for this kernel. We
may also allow for the inclusion of uncertainties in the
training data (and hence allowing the GP to conduct re-
gression rather than being constrained to interpolation).
Errors in the training data can be accounted for as an
additional, diagonal term in the covaraince matrix; in
the covariance function this can be represented as the
transform
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The inclusion of a small noise term, �
i

�
ij

is often ad-
vantageous for improving the numerical stability of the
inversion of the covariance matrix (Tikhonov regularisa-
tion), which can otherwise become nearly-singular as the
total amount of training data increases.
Gaussian processes mixtures can be produced by com-

bining their covariance functions through either addition
or multiplication. This allows the modelling of e↵ects
within the training data which occur at di↵erent scale
lengths, or with di↵erent properties. For example, if the
training data is produced by a process with a long-term
variation, but within that long-term variation there are
a number of short-term variations, we might model this
as the mixture of two kernels, specifically the sum of two
exponential squared covariance functions. Similarly, it is
possible to define a mixture of Gaussian processes where
the behaviour of the training data is modelled by dif-
ferent kernels in di↵erent dimensions of the parameter
space, allowing the scale length of each dimension to be
chosen individually; for this purpose we might choose the
product of di↵erent kernels modelling each dimension.
The covariance function used for our surrogate takes

the form
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where the superscripts indicate which dimensions of the
dataspace are modelled by each kernel, and where we in-
troduce a constant “kernel”, represented by the notation
C. In the case of the squared exponential kernels act-
ing on the dimensions of ~L, ~s

1

, and ~s
2

, each kernel has
three hyperparameters, for the scale parameter of each
dimension, which results in a kernel with eighteen hyper-
parameters.
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Gaussian Process Regression 
for gravitational wave data analysis

• Moore and Gair (2014) first demonstrated the use of GPR for gravitational 
wave data analysis 
- Physical Review Letters 113 (2014) 

• This has since been followed by other work; Eg. 
- Moore, Berry, Chua & Gair, PRD 93 (2016) 
- Doctor, Farr & Holz, PRD 96 (2017) 
- Huerta et al., PRD 97 (2018)
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FIG. 3. The panels show the likelihoods L0(~�), L(~�) and L(~�). The exact likelihood is peaked at the true value with value 1
there. The approximate likelihood shows a suppressed and shifted peak. The marginalised likelihood (the solid black curve in
the right-hand panel) does an excellent job of approximating the exact likelihood. The dotted curve in the right-hand panel
shows the marginalised likelihood obtained using the less densely-sampled training set, D = {1.984, 2.01, 2.036, 2.062, 2.088}.
In this case the marginalised likelihood is broader and shorter, but still a good approximation to the exact likelihood.

treatment using GPs).

In our example the marginalised likelihood was shown
to perform significantly better than the usual likelihood
for both detection and parameter estimation. Crucially,
the marginalised likelihood is no slower to evaluate and
only a modest amount of o✏ine calculation is required.
For these reasons it is anticipated that the marginalised
likelihood will be useful for future GW searches.

In this paper the focus has been on inaccuracies that
arise from di�culties in building accurate models; how-
ever the method in this paper could be adapted to
marginalise over any source of uncertainty in the signal
assuming enough prior information is available to form
a training set. Examples of errors which could be ad-
dressed in this manner include the calibration error (a
frequency dependent amplitude and phase error in the
signal returned from the detector [16]), the stealth bias

(a systematic error associated with a deviation from GR,
before the deviation becomes detectable [17]), and the
error from neglecting certain physical phenomena (e.g.
the presence of an accretion disk in a compact binary).

This approach can also be used to identify local max-
ima of the GPR error estimate, which could guide the
NR community to regions of parameter space where new
simulations are most needed. Moreover, it should have
applications beyond GW data analysis. GPs are already
commonly used in engineering, e.g., [18, 19], but these
techniques apply to any problem where construction of
detailed models is expensive and inference relies on ap-
proximations.
The next step is to implement this technique in a

higher dimensional parameter space using more realis-
tic waveform models. This will not only provide an as-
sessment of how significant the systematic errors from
standard searches of near future advanced detector data
will be, but will provide a marginalised likelihood that
will give correct parameter inferences no significant ad-
ditional computational cost.
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H(~�) from which it was built. Fig. 6 shows the waveform

overlap between the interpolated waveform H(~�)� µ(~�)

and the accurate waveform h(~�) as a function of chirp
mass near the edge of the training set. Also shown in
the dotted curve is the overlap between the approxi-
mate waveform H(~�) and the accurate waveform h(~�).
The interpolated waveforms have a much higher over-
lap than the approximate waveforms, as would be ex-
pected. Within the training set the overlap is increased
from ⇠ 0.35 to no less than ⇠ 0.985 even for the sparser
training set D

0

. For the denser training set D
1

overlaps
no worse than ⇠ 0.999 were found inside the range of
the training set. Outside the training set the interpo-
lated waveform tends rapidly to the approximate wave-
form H(~�).

The training set waveforms were also interpolated us-
ing the Wendland compact support covariance functions
discussed in Sec. IIID. The cases q = 0, 1, 2, 3 were con-
sidered separately. The waveform overlap using these in-
terpolants is plotted in Fig. 7. The performance of these
interpolants should be compared with the results using
the SE covariance function in Fig. 6.

The least smooth of the Wendland polynomials, the
q = 0 case, performs noticeably worse than the SE co-
variance; inside the training set the overlap drops as low
as ⇠ 0.955 compared to ⇠ 0.985 for the SE. However,
even a overlap of ⇠ 0.955 is still a great improvement
over the overlap of ⇠ 0.35 for the approximate wave-
form alone. For the q = 0 Wendland polynomial the in-
terpolant has a discontinuous first derivative, which can
be seen in Fig. 7 (this is expected and was discussed in
Sec. III and in detail in App. A). The higher values of
q have discontinuities in the higher ordered derivatives,
but these curves look smooth to the eye. The smoother
Wendland polynomials, with q > 0, all perform very sim-
ilarly to the SE covariance function; inside the training
set the overlap drops as low as ⇠ 0.985 for the q = 2
interpolant.

E. The GPR uncertainty

The GPR performs an interpolation of the points in the
training set and naturally returns a Gaussian error �(~�),
see Eq. (25), for each interpolated point. In our present
one-dimensional interpolation this is simply a function of
M

c

. A small section of this curve taken from the edge
of the training set is shown in Fig. 8. Inside the train-
ing set, the error surface has a regular, periodic pattern
with minima at the training set points and maxima in be-
tween. This regularity is because the GP used for the in-
terpolation is stationary, the training-set points used are
regularly spaced, and each point has an identical error (a
jitter J = 10�4). If these conditions were to be relaxed,
then the error surface would become more complicated.
In general, a larger �(~�) indicates greater theoretical un-
certainty and highlights regions where we would benefit

FIG. 8: A plot of the GPR uncertainty �2(~�) as a function of
the chirp mass parameter for both of the training sets, using
the SE covariance function. The vertical blue lines show the
position of the training set points for D0. Outside of the
training set the uncertainty tends to a constant �2

f . Inside the
training sets the error is approximately periodic with minima
at the training set points. The maximum uncertainty inside
the training set is smaller for the denser training sets.
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FIG. 9: A plot of the GPR uncertainty �2(~�) as a function of
the chirp mass parameter for the training set D0, using the
Wendland polynomial covariance functions. The vertical blue
lines show the position of the training set points.

from additional accurate waveforms (e.g., where it would
be beneficial to perform more NR simulations).
Near the edge of the training set the behaviour be-

comes less regular and well outside of the training set the
error tends to a constant value, �2(~�) ! �f as ~� ! 1.
This behaviour is seen in Fig. 8 for all three training sets.
The training sets with smaller grid spacings have smaller
uncertainties everywhere in parameter space.
The GPR uncertainty was also calculated using the

Wendland polynomial covariance functions to interpolate
the training set D

0

; these are shown in Fig. 9. The GPR
uncertainty, expressed as a fraction of �2

f , is largest for
the smallest values of q; this can be traced back to the
optimum length scale for the Wendland polynomials in-
creasing with q (see Fig. 5). This means that the uncer-
tainty grows more slowly as the interpolating point moves
away from the training set points, and hence reaches a
smaller maximum value between training set points. The
smoother (q > 0) Wendland polynomials perform simi-
larly to the SE covariance function, in the sense that both
the GPR interpolants (which we quantify via the overlap)
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FIG. 8. First amplitude coe�cient c
A
0

as a function of q and equal-and-aligned spin �
1

= �
2

. Black circles show the training
point locations. Top left: c

A
0

from the accurate model IMRPhenomD from which the training points are generated. Top middle:
The GPR mean interpolation of c

A
0

. Top right: The B-spline interpolation of c
A
0

. Bottom left: The log of the fractional residual
of c

A
0

between IMRPhenomD and the GPR mean. Bottom middle: the log of the fractional 1� uncertainty on c
A
0

from the
GPR. Bottom right: The log of the fractional residual of c

A
0

between IMRPhenomD and the B-spline.
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FIG. 9. Mismatch between IMRPhenomD waveforms and
GPR mean waveforms with a regularly-gridded training set.
The black circles show the locations of training waveforms
from IMRPhenomD used to train the GPR. There are 15⇥8 =
120 training points on this grid, and the maximum mismatch
in the region is 4.3 ⇥ 10�3.

IV. WHERE SHOULD WE RUN THE NEXT
NUMERICAL RELATIVITY SIMULATION?

Two natural questions arise from considering a GP
model: 1) what is the error level of the GPR model for dif-
ferent GW source parameters, and 2) given a pre-existing
set of training waveforms, where is the “optimal” place-
ment of an additional training waveform? Thus far, we
have evaluated the accuracy of our GPR models by com-
puting the mismatch between the GPR model and the
IMRPhenomD, but in practice such comparisons will not
be possible, since the “true waveform” (i.e. NR simulation
results) will be unknown everywhere other than at the ex-
isting simulation points. As such, the mismatch between
the GPR mean and the true waveform cannot be used
to determine the GPR error level nor can it be used as a
parameter of the optimization function which selects new
NR simulation parameters. Instead, we propose using the
GPR posterior uncertainties to guide the overall error es-
timation and training set optimization. Here we present
a simple metric for estimating GPR waveform errors and
for choosing where in parameter space to add a new train-
ing waveform. The basic idea is to estimate the mismatch
between a GPR and NR waveform with the same param-

Moore et al, PRD (2016)

Doctor et al, PRD (2017)
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FIG. 3. The panels show the likelihoods L0(~�), L(~�) and L(~�). The exact likelihood is peaked at the true value with value 1
there. The approximate likelihood shows a suppressed and shifted peak. The marginalised likelihood (the solid black curve in
the right-hand panel) does an excellent job of approximating the exact likelihood. The dotted curve in the right-hand panel
shows the marginalised likelihood obtained using the less densely-sampled training set, D = {1.984, 2.01, 2.036, 2.062, 2.088}.
In this case the marginalised likelihood is broader and shorter, but still a good approximation to the exact likelihood.

treatment using GPs).

In our example the marginalised likelihood was shown
to perform significantly better than the usual likelihood
for both detection and parameter estimation. Crucially,
the marginalised likelihood is no slower to evaluate and
only a modest amount of o✏ine calculation is required.
For these reasons it is anticipated that the marginalised
likelihood will be useful for future GW searches.

In this paper the focus has been on inaccuracies that
arise from di�culties in building accurate models; how-
ever the method in this paper could be adapted to
marginalise over any source of uncertainty in the signal
assuming enough prior information is available to form
a training set. Examples of errors which could be ad-
dressed in this manner include the calibration error (a
frequency dependent amplitude and phase error in the
signal returned from the detector [16]), the stealth bias

(a systematic error associated with a deviation from GR,
before the deviation becomes detectable [17]), and the
error from neglecting certain physical phenomena (e.g.
the presence of an accretion disk in a compact binary).

This approach can also be used to identify local max-
ima of the GPR error estimate, which could guide the
NR community to regions of parameter space where new
simulations are most needed. Moreover, it should have
applications beyond GW data analysis. GPs are already
commonly used in engineering, e.g., [18, 19], but these
techniques apply to any problem where construction of
detailed models is expensive and inference relies on ap-
proximations.
The next step is to implement this technique in a

higher dimensional parameter space using more realis-
tic waveform models. This will not only provide an as-
sessment of how significant the systematic errors from
standard searches of near future advanced detector data
will be, but will provide a marginalised likelihood that
will give correct parameter inferences no significant ad-
ditional computational cost.
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Numerical Relativity catalogue
• GPR described here uses binary black hole (BBH) merger and ringdown 

waveforms from NR simulations performed by the Georgia Tech group 
- includes non-aligned spins and precession 

• The catalogue had a total of 417 waveforms: 309 used for training GPR and 
108 used for testing/validation 

• For our GPR, each waveform, h(t), is defined by 10 parameters: 

• The GPR is run over these parameters plus time, t, (total of 11 parameters) 
to estimate the strain amplitude, h, for each choice of these parameters
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mass ratio: q 
BBH1 spin: a1x, a1y, a1z   
BBH2 spin: a2x, a2y, a2z   
orbital spin: Lx, Ly, Lz
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Training data
randomly choose 309 waveforms to train 
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Testing data
use remaining 108 waveforms to test GPR model 
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Waveform generation
• Since we can predict the strain amplitude for any choice of parameters, we can 

generate waveforms for any where in the spinning, non-aligned parameter space 
defined by the Georgia Tech NR catalogue
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Knowledge of the parameter space
Yellow = high uncertainty in strain estimate 
   Blue = low uncertainty in strain estimate

time q
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Summary & discussion
• We have developed a Gaussian Process Regression scheme which is trained directly 

on numerical relativity waveforms for BBH merger and ringdown, using all 11 degrees of 
freedom for each waveform 

• We can use the GPR to generate h(t) waveforms for any combination of parameter 
values 
- good initial results, further optimisation ongoing 

• We can also use the GPR to characterise the uncertainties across the entire parameter 
space defined by NR catalogue 

• GPR outputs can also inform where to place additional simulations to optimise 
knowledge of parameter space for minimal number of NR simulations 
- once GPR is trained and validated, request GAtech generate NR waveforms at 

predict new locations for comparison 

• Also applying GPR to other gravitational wave related topics
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