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Stimulating location!



Stimulating meeting!
• More than 55 talks, over 150 participants!


• Many thanks to all the hard work from the organisers!

Thank yo
u!!



Catalog of GW detections
• We now have regular GW 

observations of compact 
mergers! (Linqing Wen)


• 10 BBH, 1 BNS detected 
by LIGO-Virgo in O1-O2
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FIG. 10. Time-frequency maps and reconstructed signal waveforms for the ten BBH events. Each event is represented with three panels
showing whitened data from the LIGO detector where the higher SNR was recorded. The first panel shows a normalized time-frequency
power map of the GW strain. The remaining pair of panels shows time domain reconstructions of the whitened signal, in units of the standard
deviation of the noise. The upper panels show the 90% credible intervals from the posterior probability density functions of the waveform
time series, inferred using CBC waveform templates from Bayesian inference (LALInference) with the PhenomP model (red band), and by
the BayesWave wavelet model (blue band) [53]. The lower panels show the point estimates from the cWB search (solid lines), along with a
90% confidence interval (green band) derived from cWB analyses of simulated waveforms from the LALInference CBC parameter estimation
injected into data near each event. Visible di↵erences between the di↵erent reconstruction methods have been verified to be consistent with a
noise origin (see text for details).
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FIG. 7. Parameter estimation summary plots IV. Posterior probability densities of distance dL, inclination angle ✓JN , and chirp massM of the
GW events. For the two-dimensional distributions, the contours show 90% credible regions. For GW170817 we show results for the high-spin
prior ai < 0.89. Left panel: The inclination angle and luminosity distance of the binaries. Right panel: The luminosity distance (or redshift z)
and source-frame chirp mass. The colored event labels are ordered by source-frame chirp mass.

dL = 2750+1350
�1320 Mpc, corresponding to a redshift of 0.48+0.19

�0.20.
The closest BBH is GW170608, at dL = 320+120

�110 Mpc, while
the BNS GW170817 was found at dL = 40+10

�10 Mpc. The sig-
nificant uncertainty in the luminosity distance stems from the
degeneracy between the distance and the binary’s inclination,
inferred from the signal amplitude [128, 184, 185]. We show
joint posteriors of luminosity distance and inclination ✓JN in
the left panel in Fig. 7. In general, the inclination angle is only
weakly constrained, and for most events it has a bimodal dis-
tribution around ✓JN = 90� with greatest support for the source
being either face on or face o↵ (angular momentum pointed
parallel or antiparallel to the line of sight). These orientations
produce the greatest gravitational-wave amplitude and so are
consistent with the largest distance. For GW170817 the ✓JN
distribution has a single mode. For GW170809, GW170818,
and GW150914 the 90% interval contains only a single mode
so that the 5th percentile lies above ✓JN = 90�. Orientations
of the total orbital angular momentum that are strongly mis-
aligned with the line of sight are in general disfavored due
to the weaker emitted GW signal compared to observing a
binary face-on (✓JN = 0�) or face-o↵ (✓JN = 180�). For
GW170818 the misalignment is more likely, with the prob-
ability that 45� < ✓JN < 135� being 0.38. This probability
is less than 0.36 for all other events. An inclination close to
✓JN = 90� would enhance subdominant modes in the GW sig-
nal, but also result in a weaker emitted signal and, to com-
pensate, a closer source. A more precise measurement of
the inclination will be possible for strongly precessing bina-
ries [161, 186].

This analysis assumes that the emitted GW signal is not
a↵ected by gravitational lensing. Lensing would make GW

mergers appear closer than they are and reduce their inferred,
redshift-corrected source frame masses, depending on the true
distance and magnification factor of the lens. Motivated by the
heavy BBHs observed by LIGO and Virgo, Ref. [187] claims
that four of the published BBH observations have been mag-
nified by gravitational lensing. On the other hand, it has been
pointed out that at LIGO’s and Virgo’s current sensitivities it
is unlikely but not impossible that one of the GWs is multiply-
imaged. Ref. [188] suggests 10�5y�1 as a lower limit on the
number of BBH mergers a↵ected by lensing, when consider-
ing lensing by clusters.

In the right panel of Fig. 7 we show the joint posterior be-
tween luminosity distance (or redshift) and source frame chirp
mass. We see that overall luminosity distance and chirp mass
are positively correlated, as expected for unlensed BBHs ob-
servations.

An observed GW signal is registered with di↵erent arrival
times at the detector sites. The observed time delays and am-
plitude and phase consistency of the signals at the sites allow
us to localize the signal on the sky [189–191]. Two detectors
can constrain the sky location to a broken annulus [192–195]
and the presence of additional detectors in the network im-
proves localization [19, 196–198]. Fig. 8 shows the sky lo-
calizations for all GW events. Both panels show posteriors
in celestial coordinates which indicate the origin of the sig-
nal. In general, the credible regions of sky position are made
up of a collection of disconnected components determined by
the pattern of sensitivity of the individual detectors. The top
panel shows localizations for confidently detected O2 events
that were communicated to EM observers and are discussed
further in Ref. [22]. The results for the credible regions and
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GW observatories
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Fig. 2 The planned sensitivity evolution and observing runs of the aLIGO, AdV and KAGRA detectors
over the coming years. The colored bars show the observing runs, with achieved sensitivities in O1, O2 and
O3, and the expected sensitivities given by the data in Fig. 1 for future runs. There is significant uncertainty
in the start and end times of the planned observing runs, especially for those further in the future, and these
could move forward or backwards relative to what is shown above. Uncertainty in start or finish dates is
represented by shading. The break between O3 and O4 will last at least 18 months. O3 will finish by June
30 2020 at the latest. The O4 run is planned to last for one calendar year. We indicate a range of potential
sensitivities for aLIGO during O4 depending on which upgrades and improvements are made after O3. The
most significant driver of the aLIGO range in O4 is from frequency-dependent squeezing, which may or
may not be implemented for this run. The observing plan is summarised in Sect. 2.5.

2025+ : With the addition of an upgraded aLIGO interferometer in India we will338

have a five-detector network: three aLIGO detectors with a design sensitivity of339

330 Mpc, AdV at 150 – 260 Mpc and KAGRA at 130+ Mpc.340

This timeline is summarized in Figure 2.8 Detailed planning for the post-O3 period341

is in progress and may result in significant changes to both target sensitivities and342

uncertainty in the start and end times of the planned observing runs, especially for those343

further in the future. As the network grows to include more detectors sky localization344

will improve (Klimenko et al 2011; Veitch et al 2012; Nissanke et al 2013; Rodriguez345

et al 2014; Pankow et al 2018), as will the fraction of observational time with multiple346

instruments on-sky. The observational implications of these scenarios are discussed in347

Section 5.348

3 Searches and localization of gravitational-wave transients349

Data from GW detectors are searched for many types of possible signals (Abbott350

et al 2018b). Here we focus on signals from CBCs, including BNS, NSBH and BBH351

systems and generic unmodeled transient signals.352

8GEO 600 will continue observing with frequent commissioning breaks during this period.



GW observatories
• KAGRA status (Shinji Miyoki)

• join at end of O3; significant Chinese 

participation; Kagra will improve sky 
localisation and network duty cycle


• Earth + Space (Rana Adhikari)

• space mission in decihertz band can 

achieve sub 1 deg2 localisation and 
can perform full coherent analysis 
with ground-based detectors


• Taiji Program (Wei-Tou Ni)

• review of GW spectrum gaps; Taiji 

update

KAGRA O3 Join Impact on Localization

GWA in Kunming, China, August 14th 2019 H. Tagoshi (ICRR. UT) 

Net gain of the number of sources localized as well as GW170817, especially if 

detected by 2 LVC + KAGRA (median 90 % credible region relative 

improvement of 30% for BNS).

O3 BNS case assuming KAGRA  has 25 Mpc BNS



High frequency detectors
• OzGrav exploring the science case for high-frequency detectors 

(Matthew Bailes)

• High frequency detectors to target GWs from BNS postmerger


• Broadband, high-frequency detector using white light cavities based 
on opto-acoustic interactions; demonstration needed (David Blair)



FAST &  
Pulsar timing

• FAST confirms 26 MSPs including detection of 
MSP binary (Di Li)


• FAST progress (Kejia Lee)

• PTA overview; FAST timing of weak pulsars; 

Solar system dynamics (no hidden planets); 

• SMBH evolution & GW (Qingjuan Yu)


• estimate of GW signals from SMBH via 
evolution of BBH formation; BBH rate estimate


• SMBH reverberations (Yu-Yang Songsheng)

• observed properties of SMBH candidates; 

MAHA campaign for 50 targets; Mrk6 & 
Ark120


• Parkes Pulsar Timing Array overview  
(Xingjiang Zhu)

FAST’s First MSP
3FGL J0318.1+0252
FL8Y J0318.2+0254

• Fermi unidentified source 
• GBT, Arecibo non-detection

PSR J0318+0253
p 5.19 ms; DM 26 pc cm-3 

• 2018.2.27 FAST one hour tracking 
• 2018.4.12 Wang Pei and GZNU group 

discovered the candidate 

• 2018.4.18 Colin Clark found the !-
counterpart  

• 2018.4.23 Pablo confirmed no X-ray, 
provided limits 

• 2018.4.28 Published on Atel #10851 
• 2018.5.02 IPTA released  J0318+0253 

to its members
Wang et al. 2018, Atel # 10851 

“FAST’s Discovery of  a New Millisecond Pulsar (MSP) toward 
the Fermi-LAT unassociated source 3FGL J0318.1+0252” 

PPTA



Binary evolution and  
black hole dynamics

• Formation of double compact binaries 
(Xiangdong Li)

• common envelope description; origin of 

mass gap 

• MESA predictions consistent with BBH spins 

(Krzysztof Belczynski)

• LIGO-Virgo detections reproduced for varying 

progenitor metallicities (Matthais Kruckow)

• Search for black holes with supercomputers 

(Rainer Spurzam)

Modeling
BH-BH effective spins:

Conclusions
models versus observations

BH-BH effective spin parameter: �eff

Geneva model
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MESA model
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1) Geneva: effective spins too high (kicks: �eff ⇠ 0.8 -> 0.7)
2) MESA: effective spins OK (kicks: �eff ⇠ 0.15 -> 0.08)

�eff = (M1a1 cos ✓1 + M2a2 cos ✓2)/(M1 + M2)

Chris Belczynski LIGO/Virgo data versus Binary Models



Black hole astrophysics

Fast moving sources

Motivation �/��

BBH orbiting SMBH [Chen+����]

BBHs likely to merge
close to SMBH
[Chen+����, Chen+����]

! CoM velocity⇠ ��%of
the speed of light

• WD-IMBH (EMRI) with possible EM transients 
(Rong-Feng Shen)


• Modelling BBH around SMBH (Fupeng Zhang)

• Distortion of GW signals in astro 

environments (Xian Chen)

• BBH in AGNs; low event rate for tidal 

capture model; observed BH mass 
affected by environment?


• No EM counterparts from BBH mergers: 
Frozen star hypothesis rejected (Shuang-Nan 
Zhang)


• X-ray flares up to 1048 erg/s associated with 
EMRI (Fayin Wang)

Places for mergers

!8

Capture radii (XC, Li & Cao, 2019 MNRAS)

KL oscillation

3-body encounter
Merging

Zhang et al. 2019
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Multi-messenger 
astrophysics

• EM counterparts of GWs (Bing Zhang):

• HMNS/BH:SMNS:SNS -> (0.32-0.67) : (0.18-0.68) : (<0.03)

• Rate inconsistency? Not all BNS mergers lead to short GRBs?

• charged CBC as EM source


• Overview of GW sources with EM signals; follow-up of more 
distant BNS mergers challenging (Eric Burns)


• Long GRB light curves 
indicate transition from EM to 
GW dominated regimes -> 
evidence for magnetars 
(En-Wei Liang)

ZTF follow-up of S190425z



Multi-messenger 
astrophysics

• Analysis of 26 short GRBs with 
extended emission found that such 
emissions are softer than hard spike 
(Hou-Jun Lu)


• Estimated luminosity of nearby short 
GRBs (<200 Mpc) is around  
1046-1047 ergs (Daming Wei)


• GRBs are powered by Blanford-Znajek 
and Blanford-Payne (BP) mechanisms; 
kilonovae are enhanced by BP wind 
injections (Weihua Lei)


• Neutrinos! (Donglain Xu)

Blanford-Payne mechanism kilonovae



Cosmology
• Sound speed resonance in power 

spectrum can induce GW emissions 
from PBHs (Yifu Cai)


• GW H0 measurements break 
degeneracy; GW can improve neutrino 
mass constraint by 10% (Xin Zhang)


• 10 lensed GW+EM observations can 
constrain cosmological parameters as 
well as 300 lensed quasars (Yufeng Li)


• GW+FRB as standard sirens since 
product of luminosity distance and 
dispersion measure is independent of 
H0 (Jun-Jie Wei)



Testing GR

• Testing GR with LIGO-Virgo detections (Yanbei 
Chen)


• Test GR with binary pulsars & EOS (Matthew Bailes)


• ET could test parity symmetry of gravity (Wen Zhao)


• propose searching for tensorial GWs by looking at 
rotation of polarisation for lensed events (Xilong 
Fan)


• Dark matter & ECO effects on GW observations in 
LISA (Wenbiao Han)


• Combine binary pulsars observations with 
GW170817 to test  scalar tensor gravity (Junjie 
Zhao)

Dark matter: An efficient catalyst for intermediate-mass-ratio-inspiral events 7

Table 1. The reciprocal of merger time, the supply rate and the merger rate of IMRIs or EMRIs for di↵erent dark matter density profiles.

M = 103 M� 1/T[yr�1] supply rate[yr�1] merger rate[yr�1]

No DM 1.5 ⇥ 10�9 1.5 ⇥ 10�6 1.5 ⇥ 10�9

↵ = 1.5 6 ⇥ 10�8 1.5 ⇥ 10�6 6 ⇥ 10�8

↵ = 2.0 2.0 ⇥ 10�6 1.5 ⇥ 10�6 1.5 ⇥ 10�6

↵ = 7/3 6 ⇥ 10�6 1.5 ⇥ 10�6 1.5 ⇥ 10�6

M = 104 M� 1/T[yr�1] supply rate[yr�1] merger rate[yr�1]

No DM 3.8 ⇥ 10�9 2.2 ⇥ 10�7 3.8 ⇥ 10�9

↵ = 1.5 6 ⇥ 10�9 2.2 ⇥ 10�7 6 ⇥ 10�9

↵ = 2.0 2 ⇥ 10�7 2.2 ⇥ 10�7 2 ⇥ 10�7

↵ = 7/3 1 ⇥ 10�6 2.2 ⇥ 10�7 2.2 ⇥ 10�7

M = 105 M� 1/T[yr�1] supply rate[yr�1] merger rate[yr�1]

No DM 9 ⇥ 10�9 3.2 ⇥ 10�8 9 ⇥ 10�9

↵ = 1.5 9 ⇥ 10�9 3.2 ⇥ 10�8 9 ⇥ 10�9

↵ = 2.0 2.5 ⇥ 10�8 3.2 ⇥ 10�8 2.5 ⇥ 10�8

↵ = 7/3 1.5 ⇥ 10�7 3.2 ⇥ 10�8 3.2 ⇥ 10�8

1x103 2x103 3x103 4x103 5x103 6x103 7x103 8x103 9x103 1x104 1x104
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Figure 4. The merger rate of BHs for di↵erent density profiles of DM cusps with the mass of IMBH from 103 M� to 104 M�.

Conversely, when ↵ < 1.5, an accretion of 1000 BHs requires more than 16 Gyr, which is longer than the age of the universe
and the IMBH within 103M� to 104M� can live long. On the other hand, the initial mass larger than 104M� IMBH can stay for a
long time as the order of magnitude of accreted mass is not larger than the initial value. This may give a strong influence to the
dispersion of mass of IMBHs nowadays, which can be tested by the GW detections in the future.

Whether the stellar-mass BHs can be accreted to exhaustion in a GC is a complex question, which depends on the mechanism
of the formation of massive BHs. Here we do not consider the formation of the initial IMBH and only make an estimation when
the IMBH is present. With 1000 stellar-mass BHs to swallow in a period shorter than the age of the universe it requires the
averaged merger rate to be larger than 10�7/yr. From Fig.(5) it is the case for ↵ > 2.0 and the mass of IMBH less than 2⇥104M�.

DM: An efficient catalyst for IMRIs 

  The constraints of �  and �α0 −β0
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FIG. 3. Combined posteriors for parametrized violations of GR, obtained from all events in Table I with a significance of FAR < (1000 yr)�1

in both modeled searches. The horizontal lines indicate the 90% credible intervals, and the dashed horizontal line at zero corresponds to the
expected GR values. The combined posteriors on 'i in the inspiral regime are obtained from the events which in addition exceed the SNR
threshold in the inspiral regime (GW150914, GW151226, GW170104, GW170608, and GW170814), analyzed with IMRPhenomPv2 (grey
shaded region) and SEOBNRv4 (black outline). The combined posteriors on the intermediate and merger-ringdown parameters �i and ↵i
are obtained from events which exceed the SNR threshold in the post-inspiral regime (GW150914, GW170104, GW170608, GW170809,
GW170814, and GW170823), analyzed with IMRPhenomPv2.

The �1PN term of �'̂2 can be interpreted as arising from
the emission of dipolar radiation. For binary black holes, this
could occur in, e.g., alternative theories of gravity where an
additional scalar charge is sourced by terms related to curva-
ture [95, 96]. At leading order, this introduces a deviation in
the �1PN coe�cient of the waveform [97, 98]. This e↵ec-
tively introduces a term in the inspiral GW phase, varying with
frequency as f �7/3, while the gravitational flux is modified as
FGR ! FGR(1 + Bc2/v2). The first bound on �'̂�2 was pub-
lished in [8]. The higher-order terms in the above expansion
also lead to a modification in the higher-order PN coe�cients.
Unlike the case of GW170817 (which we study separately
in [8]), where the higher-order terms in the expansion of the
flux are negligible, the contribution of higher-order terms can
be significant in the binary black-hole signals that we study
here. This prohibits an exact interpretation of the �1PN term
as the strength of dipolar radiation. Hence, this analysis only
serves as a test of the presence of an e↵ective �1PN term in
the inspiral phasing, which is absent in GR.

To measure the above GR violations in the post-Newtonian
inspiral, we employ two waveform models: (i) the analytical
frequency-domain model IMRPhenomPv2 which also provided
the natural parametrization for our tests and (ii) SEOBNRv4,
which we use in the form of SEOBNRv4 ROM, a frequency-
domain, reduced-order-model of the SEOBNRv4 model. The
inspiral part of SEOBNRv4 is based on a numerical evolution
of the aligned-spin e↵ective-one-body dynamics of the binary,
while its post-inspiral evolution is calibrated against NR simu-
lations. Despite its non-analytical nature, SEOBNRv4 ROM
can also be used to test the parametrized modifications of
the early inspiral defined above. Using the method presented
in [8], we add deviations to the waveform phase correspond-
ing to a given �'̂i at low frequencies and then taper the cor-
rections to zero at a frequency consistent with the transition
frequency between early-inspiral and intermediate phases used
by IMRPhenomPv2. The same procedure cannot be applied to
the later stages of the waveform, thus the analysis performed
with SEOBNRv4 is restricted to the post-Newtonian inspiral,
cf. Fig. 3.

The analytical descriptions of the intermediate and merger-
ringdown stages in the IMRPhenomPv2 model allow for a
straightforward way of parametrizing deviations from GR, de-

noted by {��̂2, ��̂3} and {�↵̂2, �↵̂3, �↵̂4} respectively, follow-
ing [93]. Here the parameters ��̂i correspond to deviations
from the NR-calibrated phenomenological coe�cients �i of
the intermediate stage, while the parameters �↵̂i refer to modi-
fications of the merger-ringdown coe�cients ↵i obtained from
a combination of phenomenological fits and analytical black-
hole perturbation theory calculations [19].

Using LALInference, we calculate posterior distributions of
the parameters characterizing the waveform (including those
that describe the binary in GR). Our parametrization recovers
GR at � p̂i = 0, so consistency with GR is verified if the poste-
riors of � p̂i have support at zero. We perform the analyses by
varying one � p̂i at a time; as shown in Ref. [99], this is fully
robust to detecting deviations present in multiple PN-orders.
In addition, allowing for a larger parameter space by varying
multiple coe�cients simultaneously would not improve our
e�ciency in identifying violations of GR, as it would yield less
informative posteriors. A specific alternative theory of gravity
would likely yield correlated deviations in many parameters,
including modifications that we have not considered here. This
would be the target of an exact comparison of an alternative
theory with GR, which would only be possible if a complete,
accurate description of the inspiral-merger-ringdown signal in
that theory was available.

We use priors uniform on � p̂i and symmetric around zero.
Figure 3 shows the combined posteriors of � p̂i (marginal-
ized over all other parameters) estimated from the combi-
nation of all the events that cross the significance threshold
of FAR < (1000 yr)�1 in both modeled searches; see Table I.
Events with SNR< 6 in the inspiral regime (parameters �'̂i) or
in the post-inspiral regime (��̂i and �↵̂i for the intermediate and
merger-ringdown parameters respectively) are not included in
the results, since the data from those instances failed to pro-
vide useful constraints (see Sec. III for more details). This
SNR threshold, however, is not equally e↵ective in ensuring
informative results for all cases; see Sec. 3 in the Appendix
for a detailed discussion. In all cases considered, the posteri-
ors are consistent with � p̂i = 0 within statistical fluctuations.
Bounds on the inspiral coe�cients obtained with the two di↵er-
ent waveform models are found to be in good agreement with
each other. Finally, we note that the event-combining analyses
on � p̂i assume that these parametrized violations are constant

Parametrized deviations from GR: waveform models
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bound these propagation e↵ects to be very small, we can work
to linear order in A↵ when computing the e↵ects of this disper-
sion on the frequency-domain GW phasing,15 thus obtaining a
correction [100] that is added to �( f ) in Eq. (1):

��↵( f ) = sign(A↵)

8>>>>>>><
>>>>>>>:

⇡DL

↵ � 1
�↵�2

A,e↵

 
f
c

!↵�1

, ↵ , 1

⇡DL

�A,e↵
ln

 
⇡GMdet f

c3

!
, ↵ = 1

. (3)

Here, DL is the binary’s luminosity distance, Mdet is the bi-
nary’s detector-frame (i.e., redshifted) chirp mass, and �A,e↵
is the e↵ective wavelength parameter used in the sampling,
defined as

�A,e↵ B
"
(1 + z)1�↵DL

D↵

#1/(↵�2)

�A . (4)

The parameter z is the binary’s redshift, and D↵ is a distance
parameter given by

D↵ =
(1 + z)1�↵

H0

Z z

0

(1 + z̄)↵�2
p
⌦m(1 + z̄)3 +⌦⇤

dz̄ , (5)

where H0 = 67.90 km s�1 Mpc�1 is the Hubble constant, and
⌦m = 0.3065 and ⌦⇤ = 0.6935 are the matter and dark energy
density parameters; these are the TT+lowP+lensing+ext values
from [108].16

The dephasing in Eq. (3) is obtained by treating the gravita-
tional wave as a stream of particles (gravitons), which travel
at the particle velocity vp/c = pc/E = 1 � A↵E↵�2/2 + O(A2

↵).
There are suggestions to use the particle velocity when consid-
ering doubly special relativity, though there are also sugges-
tions to use the group velocity vg in that case (see, e.g., [110]
and references therein for both arguments). However, the group
velocity is appropriate for, e.g., multi-fractal spacetime theo-
ries (see, e.g., [111]). To convert the bounds presented here to
the case where the particles travel at the group velocity, scale
the A↵ bounds for ↵ , 1 by factors of 1/(1 � ↵). The group
velocity calculation gives an unobservable constant phase shift
for ↵ = 1.

We consider the cases of positive and negative A↵ separately,
and obtain the results shown in Table IV and Fig. 5 when
applying this analysis to the GW events under consideration.
While we sample with a flat prior in log �A,e↵, our bounds are
given using priors flat in A↵ for all results except for the mass of
the graviton, where we use a prior flat in the graviton mass. We
also show the results from combining together all the signals

15 The dimensionless parameter controlling the size of the linear correction
is A↵ f ↵�2, which is . 10�18 at the 90% credible level for the events we
consider and frequencies up to 1 kHz.

16 We use these values for consistency with the results presented in [14].
If we instead use the more recent results from [109], specifically the
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FIG. 5. 90% credible upper bounds on the absolute value of the modi-
fied dispersion relation parameter A↵. We show results for positive
and negative values of A↵ separately. Specifically, we give the up-
dated versions of the results from combining together GW150914,
GW151226, and GW170104 (first given in [6]), as well as the re-
sults from combining together all the events meeting our significance
threshold for combined results (see Table I). Picoelectronvolts (peV)
provide a convenient scale, because 1 peV ' h ⇥ 250 Hz, where
250 Hz is roughly around the most sensitive frequencies of the LIGO
and Virgo instruments.

FIG. 6. Violin plots of the full posteriors on the modified dispersion
relation parameter A↵ calculated from the combined events, with the
90% credible interval around the median indicated.

that satisfy our selection criterion. We are able to combine
together the results from di↵erent signals with no ambiguity,
since the known distance dependence is accounted for in the
waveforms.

Figure 6 displays the full A↵ posteriors obtained by combin-
ing all selected events (using IMRPhenomPv2 waveforms). To
obtain the full A↵ posteriors, we combine together the positive
and negative A↵ results for individual events by weighting by
their Bayesian evidences; we then combine the posteriors from
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to one using time-domain templates, and (ii) param-
etrization of the hybrid waveforms is easier in the
Fourier domain.

We take our motivation from the restricted post-
Newtonian approximation to model the amplitude of the
inspiral stage of the hybrid waveform, i.e., the amplitude is
approximated to leading order as a power law f!7=6 in
terms of the Fourier frequency f (as follows straight from
adding leading order radiation reaction to Newtonian dy-
namics). The amplitude of the merger stage is empirically
approximated as a power law f!2=3 (consistent with the
observation of [27]), while the amplitude of the ring-down
stage is known to be a Lorentzian function around the
quasinormal mode ring-down frequency. Similarly, we
take our motivation from the stationary-phase approxima-
tion (see, for example, [94]) of the inspiral waveform to
write the Fourier domain phase of the hybrid waveform as

a series expansion in powers of f. As we shall see later, this
provides an excellent approximation of the phase of the
hybrid waveform.

1. Phenomenological waveforms

We write our phenomenological waveform in the
Fourier domain as

uðfÞ $ AeffðfÞei!eff ðfÞ; (4.12)

where AeffðfÞ is the amplitude of the waveform in the
frequency domain, which we choose to write in terms of
a set of ‘‘amplitude parameters’’ ! ¼ ffmerg; fring;!; fcutg
as

AeffðfÞ $ C

8
><
>:

ðf=fmergÞ!7=6 if f<fmerg

ðf=fmergÞ!2=3 if fmerg & f<fring
wLðf;fring;!Þ if fring & f<fcut;

(4.13)

where fcut is the cutoff frequency of the template and fmerg

is the frequency at which the power-law changes from
f!7=6 to f!2=3 (as noted previously in [27] for the equal-
mass case). C is a numerical constant whose value depends
on the relative orientations of the interferometer and the
binary orbit as well as the physical parameters of the binary
(see below). Also, in the above expression,

L ðf; fring;!Þ $
!
1

2"

"
!

ðf! fringÞ2 þ !2=4
; (4.14)

represents a Lorentzian function of width ! centered
around fring. The normalization constant w is chosen in
such a way that AeffðfÞ is continuous across the ‘‘transi-
tion’’ frequency fring, i.e.,

w $ "!

2

!
fring
fmerg

"!2=3
: (4.15)

Taking our motivation from the stationary-phase ap-
proximation of the gravitational-wave phase, we write
the effective phase!effðfÞ as an expansion in powers of f,

!effðfÞ ¼ 2"ft0 þ ’0 þ
X7

k¼0

 kf
ðk!5Þ=3; (4.16)

where t0 is the time of arrival, ’0 is the frequency-domain
phase offset, and  ¼ f 0;  2;  3;  4;  6;  7g are the
‘‘phase parameters,’’ that is the set of phenomenological
parameters describing the phase of the waveform.
The numerical constant C in Eq. (4.13) can be deter-

mined by comparing the amplitude of the phenomenologi-
cal waveforms with that of the restricted post-Newtonian
waveforms in the frequency domain.
In the restricted post-Newtonian approximation, the

Fourier transform of the gravitational signal from an opti-
mally oriented binary located at an effective distance d can
be written as in Eq. (B1). We expect that in the inspiral
stage (f < fmerg) of our phenomenological waveforms the
amplitude will be equal to that of the post-Newtonian
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‘‘phase parameters,’’ that is the set of phenomenological
parameters describing the phase of the waveform.
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stage is known to be a Lorentzian function around the
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tion (see, for example, [94]) of the inspiral waveform to
write the Fourier domain phase of the hybrid waveform as

a series expansion in powers of f. As we shall see later, this
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