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Outline of data analysis lectures

eintroduction
-Normal, Student-t and x2 distributions
-Power spectral density

eBayesian inference
-parameter estimation

eBayesian model selection
eMethods for identifying gravitational wave transients

-generic transients
-matched filtering




Bayesian model selection

eRecall Bayes’ theorem where for desired model, Ma,
and some observational data, D, we have

likelihood prior
posterior
p(D|Ma, I) X p(Ma|l)
p(Ma|D.,I) =
(MalD, D p(D|I)

eThe posterior probability represents the state of our
knowledge of the model (“the truth”) in light of our
observed data

elf we have a competing model or hypothesis, we use

the ratio of the posterior probabilities for each model
p(My|D, T) _ p(M4l|T) y p(D|Ma,TI)
p(Mp|D,I) p(Mp|l) p(D|Mpg,I)




Bayesian model selection

eThis ratio of posterior probabilities is the odds ratio

prior odds Bayes factor

olf Oas > 1, Ma is preferred. If Oag <1, Mg is preferred

o|lf Oag =1, then there is insufficient information in the
data to support either model

eThere are a couple of points to note

-Prior odds: If we believe that one model is more likely than
the other, then that bias is reflected in this ratio.

-Bayes factor: The ratio of the likelihoods for each model,
where we determine which model the data supports more .,




Bayes factor

eThe prior odds is effectively just a number that
quantifies our preference for one model over the other

*On the other hand, the Bayes factor reflects which
model the data supports s

°In the trivial exampleon | | | e
the right, we compare Y ST 11 — e T
the data (n = 100) to 2 :gss | /\/\ W [
single-valued models ¢, [ J{{[1(] | Kl \/\J ____________ B |
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i=1 Model B is strongly favoured!



Marginalised likelihood

*The previous example was trivial since both models
did not have any parameters

eWe almost always encounter models with a certain
number of parameters

eFor such models, we obtain the likelihoods by
marginalising over all desired model parameters

eMarginalisation:
©.@) ©.@)

p(XID) = [ s YIDaY = [ p(X|Y.Dp(YID)dY

— OO — O
eNote that marginalisation calculates the average
likelihood over all parameter values, weighted by the

prior for that parameter
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Marginalised likelihood

eFor a model, M, with parameters 0, we obtain the
likelihood by

p(D|M, T) = / p(DI0, M, T)p(0| M, T)d

eFor more parameters, you introduce an integral for
each parameter to marginalise over

eThis integral can be evaluated analytically though this
integral is often evaluated numerically

eThe prior range can restrict the limits of the
integration




eL_ets again consider two models, Ma and Mg
eBoth models have a Gaussian likelihood

*Ma does not have any parameters while Mz has a

single parameter, 0
@)

p(DIMy. 1) = [ (D16, My, Dyp(6lMp, 1)

— OO
eThe parameter 8 has a uniform prior between the

values a and b, so .

(D|MBv

I)do




elf we have a and b wide enough that it does not
significantly truncate the Gaussian likelihood, then
the likelihood for Ms becomes

g9V 2T
p(D|MB,I): b— (D|90,MB,])
ewhere 0o is the peak
of the likelihood and
o9 is its standard
deviation
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S0, our odds ratio is
p(MA ( MA7 ])

I)
p(Mg|T) " p(D|Mp, 1)
p(MA I) (D|MA, ) b—a

X
p(Mp I) p(D|0g, MB,I) op\/2m

sWe previously required that b - a > 0, so the factor on
the right is greater than 1

Oap =

eSuch a factor (often referred to as Occam'’s factor)
penalises Mg since it has more degrees of freedom to
fit the data than Ma
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Occam factor

eFor parameters with wide uniform priors,
we can approximate the likelihood by

likelihood range

p(D|M,I) ~ Lyax .

prior range

*Note that we want the prior range for our |3

parameters to be as close to the W|1|h2a8rg ff o1c§2§m
likelihood range ?

elf we choose to have a broad range for our parameters
(broad prior), then we are penalised for being cautious

o“Everything must be made as
simple as possible, but not simpler”




Gravitational wave sources types

modelled unmodelled

Compact Binary
Coalescence

short

Continuous Stochastic

long
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Search methods

eTwo kinds of burst and CBC searches
-all-sky search: maximise detection efficiency across the whole sky

-triggered search: search trigged by non-GW observation (eg.
GRBs)

eCalculate ranking statistic

-ranking statistic determined by two main approaches
=coherent searches: combine data from multiple detectors
=coincidence searches: identify triggers in each detector and

perform coincidence

eapply a threshold after processing to pick out the
largest SNR event
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First detection

Hanford, Washington (H1) Livingston, Louisiana (L1)
T T T T T T T T
1.0
0.5
0.0
-05+ _
: -10 o — H — L1 observed 1 -
Io | | | H1 obser}/ed (shifted, in\I/erted) | | Abbot et al.’ PRL 116,
T T T T T T T T
Z 1.0} 1 1 061102 (2016)
c
© 0.5F
& 0.0
-0.5 +
-1.0 H — Numerical relativity —{ H — Numerical relativity —
Reconstructed (wavelet) Reconstructed (wavelet)
I Reconstructed (template) | | W Reconstructed (template) | |
O5F : : T T F : : T =
0.0 WMWWWAAMWWWW WWMWWW
-0.5 |; . .
—_ Re5|dua —_ Re5|dua
[V}
512 =
N 8 =
L 256 3
9 6
c 128 ©
) 4 o
= N
g 04 2 ©
o S
32 05
0.35 : 0.35 <

Time (s) Time (s) 14




Detection by generic transient searches

eExcerpt from the detection paper:
“On September 14, 2015 at 09:50:45 UTC, the LIGO Hanford, WA,
and Livingston, LA, observatories detected the coincident signal
GW150914 shown in Fig. 1. The initial detection was made by low-
latency searches for generic gravitational-wave transients [41] and
was reported within three minutes of data acquisition [43].”

Inspiral Merger Ring-
down

15



Evolution of the signal

Inspiral Merger Ring-
down
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Resources

eLinks to papers
https://papers.ligo.org/

*LIGO Open Science Center (LOSC): download 30 sec of data
around the event plus more!

http://losc.ligo.org/

eScience summary of detection

https://www.ligo.caltech.edu/system/media_files/binaries/301/
original/detection-science-summary.pdf

eMany videos, images and other resources available from
https://www.ligo.caltech.edu/detection
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Interferometric detectors worldwide




Directional sensitivity
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Coherent analysis

ol ets formulate our data such that

d,=F,h+i,,

or
data antenna pattern
“d, ] [ F Fo 7 signal [ i ]
d,; _ Fon Fi [}ZJF}_F My
: : : hx au
_&;WD_ _Fv—iv_D Fv>v<D_ _ﬁwD_
sky location frequency B F;Vrl F;fl -
N/ Far Fi

F,(Q,f)=[F} F}]=

Chatterji et al, PRD 74, 082005 (2006) Fil, Fp |
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Coherent analysis

eConsider a matrix A whose rows are
components of an orthonormal basis

o|/f we construct such that

AF, =0.
ethen, we can use it to construct a null stream

D-2 dimensional =
4
null space of FW

Ad, = AF h + Aii, = A#,,
eFor 3 detectors, A is constructed by

2 dimensional

+ X

column space A L F W X F W
f F T

o |[Fy X Fgl

Chatterji et al, PRD 74, 082005 (2006)
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Geometric View: One TF Pixel

i d, Work in “dominant polarization”
frame (Klimenko et al, PRD ‘05):
F.-F, =0
<: K-d = Rﬁ‘ (noise only)
F.-d=F hx+|A=x-ﬁ‘
d, F -d-=F h++F+-ﬁ‘

o (signal plus noise)
(signal plus noise)

Bursts F2F 2007.03.17 Sutton: Coherent GRB Search in the

WSR1 Data with X-Pipeline



Likelihood or Energy Measures

A Likelihoods used in this analysis:

2

N —

F,-d

Hard Constraint E,;; =

2

K-d

Null Energy Evul =

+ i d Incoherent g2
!d! AA_,.__}2> Energy EINC = E ‘Koc da‘

o

d Klimenko, Mohanty, Rakhmanov,& Mitselmakher,
PRD 72 122002 (2005); J. Phys. Conf. Ser. 32 12 (2006)

Chatterji, Lazzarini, Stein, Sutton, Searle, & Tinto,
PRD 74 082005 (2006)

Bursts F2F 2007.03.17 Sutton: Coherent GRB Search in the

WSR1 Data with X-Pipeline




Coincidence analysis

e burst gravitational wave will
(within light travel time
between the detectors)

e to identify possible signal, count number of events that
are coincident within a particular time window, At

detector A

detector B &
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oincidence analysis

e need to estimate the rate of “accidental” coincidences
(false alarms
) to the data so that any

coincidences from
and count coincidences again
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Generic transient search
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Rapid sky localisation

-The sky location of the gravitational wave source can be
estimated through the event arrival time at each detector

=gravitational waves travel at the speed of light

-Rapid sky localisation allows search for counterpart transient
signals by optical, X-ray, GRB, ... observatories

—_—

LIGO Hanford (H1)

\ /
LIGO Livingstan /(L/l)
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Rapid sky localisation

60°
LIB LALInf
0° 20h 120 // 4h 20h 12h 4h
S -
—60° W G
60°
cWB BW
0° 20h 12 W 4h 20h 12h 4h
-
—60° Y VA

oc\WB, LIB, BW: burst analyses
o ALInf: sky location estimate assuming full waveform model

http://arxiv.org/abs/1602.03843
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Follow-up of GW150914
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Compact binary coalesce signal

eCompact binary systems are binaries systems which
consist of neutron stars and/or black holes

sAs the compact objects orbit, angular momentum is
radiated away as gravitational radiation, leading to an
inspiralling orbit

eThe gravitational wave signal for the two polarisations
take the form

hi(t) = Acaw(t)(1 + cos® 1) cos paw (t)
hy(t) = —2Aqw(t) costsin paw (1)

eThe observed signal is a function of the antenna
atterns
P haet(£) = Fyhy (£) + Fuho (1)

30




Matched filtering

eWe follow the treatment in the review paper
http://relativity.livingreviews.org/Articles/Irr-2009-2/fulltext.html

eThe data is a combination of the signal and nose
x(t) = h(t — ty,) + n(t)

eSince the phase evolution of the signal is well
modelled, the strategy is to correlate the data with
templates of the expected signal, q(f),

dﬂz/wﬂﬁﬂﬂfmﬁﬁ

— OO

where we are working with the fourier transforms:

ﬂﬂzfmamﬁmﬁ
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Matched filtering

o|f we cross correlate a signal with its corresponding
template, we obtain a value that reflects the strength
of the signal

zzaﬂz/mMﬂqu%ﬁwf

— OO

o|f we subtract the signal from the data and correlate,
we obtain a measure of the noise power

N%zw—ahzfmsmﬂwmﬂmﬁ

— OO

eSh(f) is noise power spectral density and is a measure
of the variance of the noise at frequency 52

eThus, the square of the signal-to-noise ratio is p° = N2




Optimal signal-to-noise ratio

eWe introduce noise-weighted inner products

~

@by =2 [ ST () + @ (W)

eThe square of the signal-to-noise ratio becomes
<h627m'f(7'—tA)’ Shq>

v (Shd; Shq)
eThe p? is maximised when

il(f)€27rif(7'—ta)
Sw(f)

p° =

q(f) o

eSubstituting this, we find

sy [T IROP
popt“l/o A .




Calculating Inspiral SNR

GW Channel
+ simulated inspiral \
1 h(t) |

SNR

®
MMM\MWWWNUW\MWWMM

(e = h(f)*5(f) 27 ft
time / "v(t) — 4/0 € df,

S,
Signal template i (f)
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Matched filtering

eThe SNR is calculated by taking a noise-weighted inner product
2
RGO
(h|h)
where d is the data from the detectors and h is the signal template

eThis is achieved in the time domain by convolving the template with the time
series data

Hanford, Washington (H1)

I | I T
maximum SNR

— H1 observed time
. | | | > 25




Estimating significance

Binary coalescence search

20 30 4-10 >5.10
102—22—8 40810 >510| The background is
101 .: z::ﬂ ;\(z:illilc_:round ] estimated by time-
100‘!1': . — Background excluding GW150914 . ] shifted data
s 1N T
© 10-2 LVT151012 _
5 10-3 ewis0014] GW150914 is louder
8o “thqhﬂ | than any background
£ event and has an
-5 i ]
= 12_6 WWFH = il estimated significance
10_7' g U LI H l [l H 1 of1in 203000 years
10—8 . . . L”_|

g 10 12 14 16 18 20 22 24
Detection statistic ¢
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