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1 Overview

In previouspartsof thiscourse,wehave implicitly usedassumptionsabouttheunder-
lying functionswe aretrying to recover (for example,that they aresmooth). These
havebeenvital to themethodswehaveexamined,since(asdiscussedatthebeginning
of part3) they helplimit theinfinite numberof solutionswhich arein principlecom-
patiblewith thefinite numberof datapointswe have. Theproblemis that,because
theseassumptionsareimplicit, they enterour deliberationsuncontrollably. That is,
quadratureandthe productintegrationmethodwork well if the underlyingfunction
really is smooth,andpolynomialexpansionworksif theunderlyingfunctionis well-
fitted by the expansion.You can play gamesandfiddle with the detailsof eitherof
thesemethods,but if there’s a real mismatchbetweenyour assumptionsaboutthe
underlyingfunctionandthereality, thenyou’reona hiding to nothing.

SVD doesn’t have this problem– it really is model-free,but it doesrequiresome
insightinto theproblemwhenmakingthedecisionaboutwhereto cutoff thesingular
values. Therearevery sophisticatedguidesto this decision,andchoiceswhich are
optimalin varioustechnicalsenses,but thesearebasedon informationbroughtto the
problemfrom outside.

Non-classicalmethodsexplicitly add in other information, by allowing you to
specifyquitegeneralconstraints.Youbothchoosetheconstraintandcancontrolhow
strongto make it.

Non-classicalmethodsboil down to aminimisationof some‘goodnessof fit’ mea-
sure,in averygeneralsense,subjectto aboundonanequallygeneral‘reasonableness’
constraint. In the methodof regularisation,we minimise(the norm of) the residual������ �� subjectto aquadraticfunctionalof

�� having abound(here
�� representsapar-

ticular recoveryof theunderlyingfunction,dependingon a particularrealisation
�� of

thedata– this is in contrastto � , whichis theunknowable‘real’ underlyingfunction);
in Backus-Gilbert,wesimultaneouslymaximisetheresolutionandstabilityof anesti-
mateof therecoveredfunction;andin MaximumEntropy, we minimisetheresidual,
subjectto aboundonaparticularnon-linearfunctionalof

�� .
At one level, thereare very strongconnectionsbetweenthe classicaland non-

classicalapproaches.SVD, for example,is very stronglylinkedto zerothorderregu-
larisation(wheretheprior assumptionis thattheunderlyingfunctionis zerounlessthe
datademandsotherwise),but crucially thelatternon-classicalapproachcomesfrom a
differentpointof view.

Without becomingoverly philosophicalaboutit, non-classicalapproachesspring
from, andSVD fits into, an approachwhich doesn’t attemptto recover the solution
which is ‘really’ there,but insteadattemptsto find (a setof propertiesof) a solution
which is consistentwith thedata, acknowledgingthatthefactthata residualis small
doesnot imply, andshouldnot be taken as a proxy for, the claim that � ��� �� � is
small. TheBackus-Gilbertmethodmakesthis explicit, to someextent,by discussing
functionalsof the solution,andthe resolutionandstability with which thesecanor
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cannotberecovered.To someextent,theprocessof finding themeanof a setof data
canbe regardedasa very unambitiousinverseproblem,obtaininga potentiallyvery
high-qualityestimateof a propertyof the underlyingfunction. Onceyou’ve found
themean,you cango on to find thevarianceandhighermoments,andworry about
whetherthey provideusefulinformationaboutyour function.

2 Regularisation

Oneway of statingtheclassicalapproachto thesolutionis to decidethata solution
is acceptableprovided �
	����
 �� ������� � � , where � � is somemeasureof the error
between� and �� . This might obtain the grosspropertiesof the solution, but fail
to recover the high-frequency propertieswith any plausibility, producingspurious,
wildly-oscillating,solutionswhich fit thedataascloselyasyoumightwish.

We can remove suchhigh-frequency artefactsby forming an appropriatelinear
functionalof the underlyingfunction, � � , and finding the � which minimisesthe
residual ��	 ��
 �� � subjectto the constraint �
� � � having someparticularvalueor,
equivalently, minimising �
� � � subjectto a boundon thevalueof theresidual.Using
lagrangemultipliers,this turnsinto theprescriptionthatwe takeasourrecoverythe �
whichminimises �
	 ��
 �� ����������� � ���! (4.1)

with � termedtheregularisationparameter. Thechoiceof thestabilisingoperator�
is wherewefeedin ourprior suppositionsaboutthenatureof theunderlyingfunction.
Thesimplestchoicefor � is theidentityoperator, sothattheprescriptionin Eqn.(4.1)
minimisesthe sizeof � andso in effect presumesthat the solutionwill be approxi-
matelyzero– this is zerothorderregularisation.First orderregularisationpresumes
thatthesolutionwill beapproximatelyconstant(minimisingthederivative),andsec-
ond orderregularisation(the original, andstill common)minimisesthe norm of the
secondderivative: ��� � ����#" � �%$ $ ����&" ')(*,+ �%$ $.-0/2143 �65 /  (4.2)

subjectto theclassical�
	���7
 �� �98:��� � � . Theconstraintneednotbeanintegralone,
but mightweightthesolutiontowardssomeprior estimate.

Upondiscretisationof theproblem,weagainfind ourselvessolvingamatrixequa-
tion, this timefinding thesolutionof theequation-<;�=>; ���@? 1BA " ;@= �C  (4.3)

where ? is a smoothingmatrix dependingon the functional � . When � "ED we
recover theclassicalsolution,andas � increaseswe forcethesolutionmoretowards
our prior estimate.Thereis no mechanicalprescriptionfor choosingthevalueof the
smoothingparameter� ; therearechoiceswhich areoptimal in technicalsenses,but
few robustimprovementson thebrute-forcemethodof choosingthevalueof � which
bestrecoverssimulateddata.

3 Other non-classical techniques

Variantsof regularisationdominate,but do not exhaust,the rangeof non-classical
inversiontechniques.TheBackus-Gilbertmethod,andthemethodof MaximumEn-
tropy have thesamegeneralapproach,in thatbothaim to minimisesomemeasureof
goodness-of-fitsubjectto somecriterionon theacceptabilityof therecovery.
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3.1 Backus-Gilbert

TheBackus-Gilbertmethod1 concentrates,not on finding estimatesfor the underly-
ing function,assuch,but insteadon finding integrals of that functionwhich canbe
recoveredwith confidence.Becauseof its differentapproachit allows us a qualita-
tive understandingof, andthusanexplicit quantitative controlover, thecompromise
betweenbiasandstability in our inversion.

Theunderlyingfunction F�GIH!J is relatedto thedataKML thoughK LONQPSR�L G0T2JBF�GITUJ2VUTXWZY LB[ (4.4)

whereY6L is arandomadmixtureof noise.For theBackus-Gilbertmethod,wesuppose
that the underlyingfunction F andour estimate \F of it arerelatedby an averaging
kernel \] G0H [ H!^_J , through \F@GITUJ N P \] GIT [ T ^ JBF�GIT ^ JUV2T ^M` (4.5)

Sincewe do not know the underlyingfunction, the averagingkernel is of no useto
usdirectly; howeverwe canstudyits properties,anduseour dataK L in sucha way as
to optimisethoseproperties,andsooptimisethedependenceof theestimate\F@GITUJ on
theunderlyingfunctionandthenoise.Specifically, wewill aimto minimisethewidth
of \] G0T [ TU^aJ , andsomaximiseits resolution,subjectto theconflictingdemandthat the
averagingkernelbe wide enoughthat the estimateis not unduly sensitive to noise.
We seeka setof responsekernels bcL<G0T2J , whichproduceanestimateof theunderlying
functionthrough \FdG0T2J Nfe L bcLgGITUJ4KML ` (4.6)

By substitutingEqn.(4.4)intoEqn.(4.6)andcomparingwith Eqn.(4.5),weobtain
anexpressionfor \] G0T [ TU^aJ in termsof b L G0T2J and R�L G0T2J . Usingthis,we canform some
measureof thewidthof \] G0T [ Th^aJ suchasi NfP G0TkjlT ^ JBmMn \] G0T [ T ^ Jpo_m6VUT ^ [ (4.7)

whichdependson b�L and R L ; andwecanform ameasureof thestabilityof Eqn.(4.6)
suchas q NsrutMv \F�G0T2J , whichdependson bcL andthecovariancematrixof thenoiseY6L .

TheBackus-Gilbertmethodconsistsof finding thoseb�LwG0T2J whichminimisei W�xyq N PzG0Tkj�T ^ J m n \] GIT [ T ^ J4o m VUT ^ W)x rut{v \F@GITUJ [ (4.8)

for someselectedparameterx . The natureof the trade-off is clear: in order to
improve the stability of the recovery, we chooseresponsekernels b L which make\] GIT [ TU^|J broader, andsoextendtheweightedaverageoveragreaternumberof thedata
points K L . The costof this is that the estimateof the recoveredpoint will be biased
by the inclusionof the extra data,andthis will be moremarked whenthe underly-
ing function is rapidly varying. TheminimisationproblemEqn.(4.8) hasanexplicit
analyticsolutionfor }6~�G0T2J in termsof theparameterx , thenoisecovariancematrix,
andintegralsof the R L , andthesedifferentsolutions,whencombinedwith thedataKML
usingEqn.(4.6),givedifferentreconstructions\F�~yGITUJ .

TheBackus-Gilbertmethodisexpensive,becauseeachminimisationrecoversF�GIT2J
atonly a singlepoint T . It alsosuffersfrom bias,becauseof thespreadof theaverage
in Eqn.(4.6).Bothof theseproblemscanbeaddressedby sophisticatedvariantsof the
method,but themethodis rarelyusedfor actualdatarecovery. Theapproachis most
valuableasatheoreticaltool – it is supremelyvaluablefor exploringtheproblem, and
allowing you to make statementsaboutwhich featuresof theunderlyingfunctionare
andarenot reliably recoverable.

1G E BackusandF Gilbert,GeophysicalJournalof theRoyalAstronomicalSociety, 16, 169–205(1968)
andG E BackusandF Gilbert, PhilosophicalJournal of the RoyalSocietyof London, A266, 123–192
(1970).
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3.2 Maximum entropy

The Maximum Entropy Method(ME) is simply stated: it is regularisationwith the
regularisingfunctional ���s�S���%�!���#��� (with a slight abuseof notation:here �����B�
is thesetof recoveredpoints),andtheconstraintthat �{�0���������%�g�{��� ���&��� , which is
theconstraintthat � � ���� � beequalto its statisticalexpectation� , thenumberof data
points.

Thischoiceof regularisationhasseveralconsequences.Oneis that � � divergesas
any � � goestozero,sothatthisfunctionalimplicitly imposespositivity onthesolution.
Secondly, because� � is non-linear, it is muchharderto solve,andthesolutionmust
beobtainediteratively. Thirdly, the functionalis by itself maximisedwhen � is flat,
sothatthis is theprior informationexpressedin thischoice.

ME is mostoftenusedin imageprocessing(whenthe � � referto pixels).It hasthe
goodfeaturesthatit veryeffectively removeshigh-frequency noise,whilst enhancing
theresolutionof featureswithin theimage(‘superresolution’).Thecostof this is that
it sufferssignificantlyfrom bias,andthat it canbedifficult to obtainestimatesof the
uncertaintiesin, for example,recoveredintensity.

3.3 Bayes theorem

Bayes’Theorem,statedfor aninverseproblem,is¡u¢w£M¤ �I�¦¥ ��� � ¡u¢w£M¤ � � ¥ � � ¡u¢w£M¤ �I� �¡>¢g£§¤ � ���©¨ (4.9)

anda Bayesianapproachto inverseproblemsconsistsof finding that � which max-
imisesthisposteriorprobability, givensomeestimatefor theprior probability

¡u¢w£M¤ �ª� � .
This is an illuminating approachto inverseproblemsin general,but it fits par-

ticularly naturallyinto a discussionof ME. If you have a certainnumberof photons
which you know arrived at your CCD, then thereis a large numberof possiblear-
rangementsof thosephotonson theCCD consistentwith that,just asthereis a large
numberof arrangementsof atomsin configurationspace,consistentwith a box of
atomshaving a certaintemperature.This canbeusedto form a measureof the ‘en-
tropy’ of your image� , andthusswiftly to ameasureof thatimage’sprior probability
as
¡u¢w£M¤ �ª� ��« � � � ���#� � .
Thisargumenthasbeenusedto suggestthatME is theonly ‘consistent’approach

to inverseproblems. The claim is interestinganduseful to examine,but probably
overstated.
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Examples

Section 2

Considertheproblem¬,­:®U¯ , where®k­±°:²³²#´�µ²³²�¶�µ,·
Using ¸ ­¹°Qº »¼¾½ ·z¿ ¸�À�Á ­ ²Â ¸ Â ° ½ ´ »´ ¼ º ·ÄÃ
writedowntheinversematrix ® À6Á , andhencethe ¯ whichresultsfromthedatavectors¬�­ÆÅ ² Ã ²�ÇBÈ and É¬�­ÆÅ ² Ã ²�¶�Ê{Ç<È . Thelatter is thevector ¬ with noise.Notethatthe
recoveryis unstableif µ is small.Youshouldobtain¯ ­ ® À�Á ¬�­ ²Ë µ ° ²�¶ZµÌµu´�²´Í² ² · ° ²²�· ­ ° ²Î ·É¯ ­ ® À�Á É¬�­ ÊË ° ²�¶ Ë§Ï Ê9´�² Ï µ² Ï µ ·ÄÐ

Now considerusingzeroth-orderregularisationto recover the vector É¯ . That is,
from Eqn.(4.3) É¯l­ÑÅ<® È ® ¶)Ò§Ó>Ç À6Á ® È É¬ Ð
Show that Ô>Õ×Ö ® È ® ¶�Ò§Ó ­ ° Ë ¶�Ò ËË Ë Å ²�¶�µ�ØcÇO¶)Òf· Ã
whichhasinverse Ô À�ÁÕ ­ ²Â Ô>Õ Â ° Ë Å ²�¶Zµ�ØcÇ@¶�Ò ´ Ë´ Ë Ë ¶)Òf· Ã
where Â Ô Õ Â ­ÑÅ Ë µ Ø ¶)Ò©Ç Å Ë ¶)Ò�ÇO¶�Ò Ð
Show that

Ô À6ÁÕ ® È reducesto ® À6Á when Ò ­ Î , andpersuadeyourselfthat you ex-
pectedthat.

Thus,thesourcevectorrecoveredfrom a datavector É¬ isÉ¯ Õ ÖsÔ À6Á ® È É¬ Ð
Given a datavector É¬:­ÙÅ ² Ã ²X¶QÊ{Ç È , with noise Ê (thereis no significanceto the
first componentbeingnoise-free– I just wantyour calculationsto fit on onereamof
paper),show that É¯ Õ ­ ²Â Ô>Õ Â ° Ë Å Ë ¶ZÊ{Ç<µ�Ø#´ Ë Ê!µ�¶ Å Ë ¶�Ê{Ç<ÒË Ê!µ�¶ Å Ë ¶�Ê9¶ZÊ!µ
ÇgÒ · Ð
As checks,show that É¯ Õ�Ú�Û is the unstable É¯ obtainedabove, and that for Ê ­ Î

,É¯ Û ­:Å ² Ã Î ÇBÈ , asabove.NotethatÉ¯ Õ×Ü ° ÎÎ · Ã as Ò ÜÞÝ Ã
illustratingtheway thatzeroth-orderregularisationpulls a solutiontowardstheprior
estimateÅ Î Ã Î Ç<È .

Evaluate É¯ Õ for µ ­ Î Ð ² , Ê ­ Î Ð ² and Ò ­ Î Ð Î ² , 0.1, and1. Note that none
of theseproducea particularlygood recovery with this level of noise,but that the
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one with ßÑà�á is probablyleastunreasonable.Evaluate âã@ä againwith álå�æ2ç�è ,é åêæyç æyè and ßëåêæyç æyè , 0.1 and 1. Again, the recovery with ßÑàÞá appearsto
be the bestcompromisebetweenresolutionandstability, with the ßìåíæ2ç æ2è being
undersmoothed,andthe ß åîè oversmoothed.

If you wish, try rewriting ï>ð , substitutingßñå�ß©ò�á . Take á small (ie, discard
positive powersof á ), and ß©òôóõè (ie, taking ßöó÷á ), andobtainan expressionforé âã åøï¦ù�úðëûUü é âý , where

é âý åÿþIæ�� é�� ü . You can thus seethat, in this particular
problem, theerrorin therecovery is of ordertheerrorin thedatawhen ß of order á .

In arealproblem,youwouldchooseanappropriatevalueof ß for yourproblemby
somemoresophisticatedtechnique.Also, rememberthat theexplicit inversionused
hereis for illustrationonly; you would not do this in a realproblem,but insteaduse
anappropriatenumericaltechnique.SeeNumericalRecipesfor suitablealgorithms.
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