Numerical Astronomy 1 — Part 3
Classical inversions and instability

Thesimplestnverseproblemis g(z) = [* u(y) dy, with solutionu(y) = dg/dz|,_,.

More generally the kernelmay be suchthatwe cananalyticallyobtainthe source or

underlying,functionu(y) = X~ 1{g(z);y}. Thisis afine thing to managebut the

problemis notfinished.Evenif you startwith aknown, analytic,g(z) (asin the‘con-

trol problem’,for example),andcanfind ananalyticX !, youmightstill beunableto

stablyproducethe numbersyou require(this is strayinginto theterritory of the eval-

uationof functions— seeNumericalRecipedor furtherdiscussion) We have already
seenthat differentiationcanbe unstable. Thus, even beforewe startto considerthe

problemof dealingwith measuremenrdrrors,we might have to analyseour problem
asaninverseproblem.

First, examinethefirst-kind Fredholmproblem

b
/ K (z,y)u(y) dy = g(=).

We will begiventhedatafunctiong(x) atasetof pointsz;,i = 1,...,m, sothat

b
/ Ki(y)u(y) dy = g, (3.1)

whereg; = g(z;) andK;(y) = K(z;,y).

Notethatthereis no error here,in the sensehatwe haven't lostary of the avail-
ableinformationby makingary approximationhowever, someinformationhasbeen
lost by the fact of discretisation.A real function hasan infinite numberof degrees
of freedom,but only m are constrainechere. Thereis preciselyone polynomial of
degree(m — 1) (thatis, onewith m degreesof freedom)which will passthroughall
of the g;, but infinitely mary of degrees> m (eg, for m = 2 thereis onestraight
line which passeshroughtwo points,but infinitely mary curves). Now, mostof the
solutionsare unreasonableand the methodsbelow usethatfactimplicitly (in basic
quadraturefor example,by assuminghat f (x) is areasonablestimatefor the func-
tionsvaluein therange(z — h,z + h)), but the distinctive featureof the classical
method=of IP solutionis thatthey do notusesucha priori informationexplicitly.

Non-classicamethodsexplicitly useprior informationabouta solution,suchas
assumptionsf smoothneser positiity, to helpconstraina solution,andwewill deal
with thesein the next part. The classicaimethodshowever, aremoredirectly related
to the analyticproblem,and assucharemoredirectly intelligible, and more clearly
demonstratéhe natureof the problem.

*Modified 1 Decemberto clarify examplein section2.3.
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1 Classical solutions

1.1 Quadrature
Approximatetheintegral Eqn.(3.1) by

n

b
gi = / Ki(y)u(y)dy = Y Ki(y;)wju(y;) = Y Kijuj, (3.2)

=1

definingK;; = K;(y;)w;. Thew; areweightsobtainedrom somequadratureech-
niquesuchasthetrapezoidatule or Simpsonsrule.

Forn < m, therecovery of the valuesu; is overdeterminedin thatwe wantn
numberss;, with m > n constraintsThiswill requirea best-fitapproximatiorto the
solution,whichwill typically be somevariationof least-squares.

As we increasen, the approximationEgn. (3.2) improves. The operatorX will
typically be more-orlesssingular(if it werent, we wouldn't be botheringwith the
apparatuf IP), sothatasn < m, Kz.;l more closely approximateghe unbound-
ednesof X~1. We canattemptto limit the damageby choosingsuitablemeshof
pointsg; andy;, but this ameliorateshe problemratherthanproperlydealingwith it.

1.2 Product integration
Rewrite Eqn.(3.1)as

g(x;) = Z/ K(z;,y)u(y) dy ,vi=1,...,m (3.3)

j=1"¥i-1

settingyo = a andy,, = b. Now we canapproximatethe underlyingfunction u(z)
by @;(z) in [y;—1,y;]. Thefunctions{u,} could be constantor linear, or whatever
wasmostappropriate Taking, for example,u; to be constantwith the valueof u(y)
atthemidpointof theintenal, we canwrite

Yj
Ky = / K (z1,5) dy (3.4)
Yj-1
sothat .
9(z:) =) Kijt;. (3.5)
7j=1

How is this differentfrom Eqn. (3.2)? The principal differenceis thatby making
theapproximatiorfor u(z) we have snealedin a smoothnessonstraintandthisim-
plicit prior informationis enoughto improve the stability propertiesof theinversion.

1.3 Polynomial expansion

Anotherrouteis to expandthe sourcefunction u(z) in termsof a completeset of
functions{¢; }, which areorthonormakvith respecto aninnerproduct

b
(65, b5) = / 6:(1)6; () dy = bi;. (3.6)

Expandthe sourcefunctionas

u(@) =) uigi(). (3.7)
=0
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Takingtheinnerproductof this with ¢; we obtain

o0

u(@) = (u, ¢i) (=), (3.8)

i=0

andif we dropthisinto the discretisedoroblemEqn. (3.1), andtruncatethe resulting
serieswe obtain

m b
g(z:i) = (u,6:)Kij,  Kij= / K (zi,y)¢;(y) dy- (3.9)

=0

This canbeinvertedto obtainthe coeficientsu; = (u, ¢;), which canreconstructhe
sourcefunctionfrom Eqgn.(3.7).

This is potentiallya very powerful method,but it doesrely on the legitimacy of
thetruncationof theseriesatm terms. Thatmeanghatit depend®nthechoiceof the
set{¢;}: youcangetverygoodresultsf thisis chosersuitably but alsospectacularly
bad(but nonethelesanfortunatelyplausible)esultsif it is choserbadly.

1.4 Singular value decomposition — SVD

ThediscretisegoroblemEqn.(3.1) canbewritten, asin Eqn.(3.2),as
g = Ku, (3.10)
whereK ism x n (m > n). It follows that,formally,
u = [KTK]'KTg, (3.11)

whered = KTK is squaren x n andnon-singulaiby assumptionsothattheinverse
exists. Thisreduceso u = K~1g if K is square.

It is atheorenof linearalgebrathat,for amatrix A (m x n), thereexist matricedJ
(m x m, orthogonal)V (n x n, orthogonallandX (m x n, diagonal) suchthat

A=UxVvT. (3.12)

If A is squaren x n, asin our casethensoareU, V, andX, andX = diag(o;).
The {o;} areknown asthe singularvalues,and Eqn. (3.12) is the Singular Value
DecompositionWe canarrangethato; > o2 > ... > 0 (all will be strictly positive
if A isnon-singular).

Theadwantageof theSVD is thatA in Eqn.(3.12)is very easyto invert:

Al =Uzvh) !t =vz T, (3.13)
andX~! = diag(1/0;). We thushave theformal solution
u=A"'K"g, (3.14)

but thisis still ill-conditioned,sinceX ! blowsupwheng; is toosmall,whichhasthe
effectof destructvely amplifyingrandomnoisein thedatavectorg. Theextentof this
ill-conditioningis givenby theconditionnumberCx = o4 /o,,. Weimprovethecon-
ditioning by selectinga maximumconditionnumbetre, andusingin Eqn.(3.14)notA
but A;, whichis A with all thetermsl/o; largerthanathresholdc/o, suppressedy
settingthemto zero.

The selectionof the maximumconditionnumberis potentiallyquite delicate,and
might depend for example,on the numericalaccurag availableor requiredin your
numericalcalculation.InversionusingSVD is computationallyexpensve, but stable
androbust.
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2 The instability

In matrix form, theinverseproblemis
Ku=g. (3.15)

Therewill alwaysbemeasuremerdrrorsin thedatavectorg, sothatwhatwe measure
is notg but g + dg. Theseinduceerrorsin the recoreredsourcefunction, andwe
recoveru + du. SinceK is linear, we have

du =K lsg, (3.16)

andwe wantto find therelationshipbetweerthe‘size’ of §g anddu. Such'sizes’we
candiscusaisingvectorandmatrix norms.

2.1 Norms of vector s and matrices

Normsarereal-valuedfunctionalsof vectorsandmatriceswith the properties

[v[>0, with|[v]|=0 <= v=0
llav(| = |all[v]| (3:17)

v+ wll < lIvll + lIwll

Thereare several possibledefinitionsof the vectornorm, of which one of the most
usefulis the‘p-norm’:

n 1/p
vl = [2 |vz-|P] (3.18)

j=1
from which
[[Vlloo = maxfuv;]. (3.19)
Matrix normssatisfythe conditions
IAB]| < [|A[|[IBI| A andB squarE}
’ 3.20
IAvil < [ATliv] (3.20)

We candefinep-normsin suchaway that
IAll2 = (max A : ATAv = Av)Y/2 = o0, (3.21)

whereo,ax is themaximumsingularvalueof A (cf, Sect.1.4),and

1Alloc = max Y |Az|- (3.22)
j=1

2.2 Instability in IP inversion
FromEqgns.(3.15),(3.16)and(3.20),we have

lgll < [IKlllull
loul] < [K~Hlllogll-

Thus,immediately

[|6ul 16g]]
<C , (3.23)
Tall = % el

with the conditionnumberdefinedasCx = ||K||||[K™|].
Recallthat||K||2 = omax- It followsthat||K™t||2 = 1/0min, SOthat

— Um X
Crc = (Kl lIKHl2 = —== (3.24)
(compareSect.1.4 abore). Whenthe conditionnumberis large, Egn. (3.23)tells us
thatthe matrix K permitsthe recoreredsourcevectoru to have errorsmuchlarger
thanthosein thedatavectorg.
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2.3 Examples

In Sect.2-3, we discussedecovering a sourcefunction by differentiatingthe data
functionEqgn. (2.12). The conditionnumberof theinversionEqn. (2.14) depend®n
thematrix K, which hasnorm||K||c = n ~ 1/h. ThusCk = ||K||oo||[K™1||oo = n?.

Thus,althoughthe quadraturdeqn. (2.13)becomesnoreaccurateasn increasesthe
inversionbecomedessstable.andbeyonda point, we loseaccuray instead.

Secondlyconsider
1 1
(1,1 629

This s easilyinvertible, but its conditionnumberCg ~ 1/e ase — 0. This echoes
the obsenationthat,ase — 0, the matrix rows becomedegenerateandK becomes
singular For all (z,y) € domain(E) = R?, the setof points{(z,y) : z +y = ¢}
ismappednto thesinglepoint (¢, c). Thatis, Zg = {(z,y) : z = —y}. Whene # 0,
rangeE = R? but, following Egn. (3.23),a tiny changein positionin range(E) is
consistentvth ahugemovementin domain(E).

3 Example: Inversion of Abel’s equation

Wewill examinetheproductintegration(Sect.1.2)andpolynomialexpansionSect.1.3)
methodsasappliedto the problem

“ u(y)
—— = g(x), 3.26
| 72 = o (3.26)

whichis Abel’'s equation.This follows CraigandBrown, section5.4.
If we expand
u(y) =Y uy’ ™, (3.27)
j=1

thenwe swiftly find, usingEqn.(3.9),that

g(z;) :ngfaﬁ(j,a—}—l)uj,i: 1,...,n (3.28)
j=1

The sum canbe truncatedat a suitablepoint; truncationat m = n givesa lower
triangularsystemwhichis easilysolvedfor «;. Thissolutionis analyticallyattractve,
but it becomesinstableaapidly asn increases.

Alternatively, we canusethe productintegrationmethodto expandEqn.(3.26)as

g(z;) = Zﬂj/ (z; —y)~“dy, i=1,...,m. (3.29)
j=1  Jwim1

We can recover the valuesu; by a processsimilar to above. This is in principle
lessaccurateasit implicitly makesthe potentiallycrudeassumptionthatthe source
function value may be taken to be constantin eachintenal [z;_1,z;], whilst the
polynomialexpansiormethodwill beexactfor polynomialu(z) upto degree(n —1).

However, the payof for thislower accurag is substantiallymprovedstability.
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Examples
Section 1.4
Considetthe problemg = Ku, where
1 2 0 0
KZE 0 1+e 1—€¢ |. (3.30)
0 1—€¢ 1+4e€

Confirmthatthe SVD decompositiorof thisis K = UXUT, where

1 V2 0 0 100
U=—1| 0 1 1 |, y=(0 1 0], (3.31)
V2 o 1 0 0 e

shaving thatthe problemK hassingularvalues(1, 1, ¢). SatisfyyourselfthatK—! =
UX U7 isindeedtheinverseof K. If the sourcevectorisu = (1,1,1), thenshav
thatg = (1,1,1). If, however, we wereto obtainthedatag = (1 + 61,1 + 2, 1),
with 6; andd, bothsmall,like e, thenobtainii = K—1g (thereis no significancepy
theway, in my having omittedary erroronus —thisis simplyto make the calculation
fit on one page!). Note thatif € is small, thenthe solutionii is dominatedby the
noised, (but the noisetermdy, not nearthe rangeof the null spaceof X, doesnot
have a big effect).

Now removethetroublesomsingularvaluesby removing theterm1/e in ¥ =1, to
obtainz ! = diag(1,1,0), andthusobtainK~!" = UL ~'"U”. Obtaini usingthis
new K—1/, andnoticethatthe smallnoisetermd, producesonly asmalleffecton the
recoveredsolution.

Section 2.3
Considetthe problemg = Eu. Show directly thattheinverseof E is
1 [ 141/e —1/e
E-l = ( e 1)e ) (3.32)

Shaw thatansourcevectorof u = (1/2,1/2) producesadatavectorg = (1,1+¢/2),

andthat a dataerror g = (0,9/2) producesan error in the recovery of ju =

(—6/2¢,6/2¢). Find the condition numberof the problemE (using the co-norm

in Eqn. (3.22)), and show that this is consistenwith the ratios ||du/|| o /||u]|cc and

16g]loo/|lgllco- Finally, pick valuessuchase = 0.1 (ie, a conditionnumberof forty-

ish — aratherwell-conditionedproblem,really!) andé = 0.1 (ie, dataerrorsof 5%),

evaluateg + dg andtheu + Ju it givesrise to, andnotethe respectie differences
betweertheseandg andu.
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