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Thesimplestinverseproblemis �������	��

������������� , with solution�������
������������� ����� .
Moregenerally, thekernelmaybesuchthatwecananalyticallyobtainthesource,or
underlying,function ������� �"!$#&%('��������*)+��, . This is a fine thing to manage,but the
problemis notfinished.Evenif youstartwith aknown,analytic,������� (asin the‘con-
trol problem’,for example),andcanfind ananalytic !$#&% , youmightstill beunableto
stablyproducethenumbersyou require(this is strayinginto theterritory of theeval-
uationof functions– seeNumericalRecipesfor furtherdiscussion).We have already
seenthat differentiationcanbe unstable.Thus,evenbeforewe startto considerthe
problemof dealingwith measurementerrors,we might have to analyseour problem
asaninverseproblem.

First,examinethefirst-kindFredholmproblem-/.021 ����34���5�����������6�7�������*8
We will begiventhedatafunction ������� atasetof points �:943+;<�>=?3@8@8�8*3+A , sothat-/.021 94�����B�����������C�2�D9+3 (3.1)

where�D9�E2������9F� and 1 94�����
E 1 ����9+34��� .
Notethatthereis no error here,in thesensethatwehaven’t lost any of theavail-

ableinformationby makingany approximation;however, someinformationhasbeen
lost by the fact of discretisation.A real function hasan infinite numberof degrees
of freedom,but only A areconstrainedhere. Thereis preciselyonepolynomialof
degree ��AHG2=I� (that is, onewith A degreesof freedom)which will passthroughall
of the � 9 , but infinitely many of degrees J A (eg, for AK�ML thereis onestraight
line which passesthroughtwo points,but infinitely many curves). Now, mostof the
solutionsareunreasonable,andthe methodsbelow usethat fact implicitly (in basic
quadrature,for example,by assumingthat N ����� is a reasonableestimatefor thefunc-
tions valuein the range ���OG7P�3+�RQSP:� ), but the distinctive featureof the classical
methodsof IP solutionis thatthey donotusesucha priori informationexplicitly.

Non-classicalmethodsexplicitly useprior informationabouta solution,suchas
assumptionsof smoothnessor positivity, to helpconstrainasolution,andwewill deal
with thesein thenext part. Theclassicalmethods,however, aremoredirectly related
to the analyticproblem,andassucharemoredirectly intelligible, andmoreclearly
demonstratethenatureof theproblem.T

Modified1 December, to clarify examplein section2.3.
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1 Classical solutions

1.1 Quadrature

ApproximatetheintegralEqn.(3.1)byUDV�WYX[Z\[] V+^�_�`5a�^�_�`�b�_Cc def4gih ] V+^�_ f `Bj f a�^�_ f `
W e ] V f a fDk (3.2)

defining ] V f W ] V+^�_ f `Bj f . The jlV areweightsobtainedfrom somequadraturetech-
niquesuchasthetrapezoidalruleor Simpson’s rule.

For m2nKo , the recovery of thevaluesa f is overdetermined, in that we want m
numbersa f , with oqprm constraints.Thiswill requirea best-fitapproximationto the
solution,whichwill typically besomevariationof least-squares.

As we increasem , the approximationEqn. (3.2) improves. The operators will
typically be more-or-lesssingular(if it weren’t, we wouldn’t be botheringwith the
apparatusof IP), so that as mutv o , ]xw hV f morecloselyapproximatesthe unbound-
ednessof s w h . We canattemptto limit the damageby choosingsuitablemeshof
points U V and _ f , but thisamelioratestheproblemratherthanproperlydealingwith it.

1.2 Product integration

Rewrite Eqn.(3.1)asU�^�y V `
Wzdef4gih X/{}|{ |5~�� ] ^�y V k _�`Ba�^�_�`�b�_ k4� W�� k@���@�*k o (3.3)

setting _D��W�� and _ d W�� . Now we canapproximatetheunderlyingfunction a�^�y�`
by �a f ^�y�` in � _ f w h k _ f�� . The functions ���a f�� couldbeconstant,or linear, or whatever
wasmostappropriate.Taking,for example, �a f to beconstant,with thevalueof a�^�_�`
at themidpointof theinterval, wecanwrite

] V f�� X/{ |{4|5~�� ] ^�y:V k _�`�b�_ (3.4)

sothat U�^�y�VF`�W def4gih ] V f �a f�� (3.5)

How is this differentfrom Eqn.(3.2)?Theprincipaldifferenceis thatby making
theapproximationfor a�^�y�` wehave sneakedin a smoothnessconstraint,andthis im-
plicit prior informationis enoughto improvethestabilitypropertiesof theinversion.

1.3 Polynomial expansion

Another route is to expandthe sourcefunction a�^�y�` in termsof a completeset of
functions �(� V � , whichareorthonormalwith respectto aninnerproduct� � V k � fI�	� X Z\ � V}^�_�` � f ^�_�`�b�_�W���V fD� (3.6)

Expandthesourcefunctionas a�^�y�`	W��e V g � a�V � V}^�y�` � (3.7)
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Takingtheinnerproductof thiswith ��� weobtain������ 
¡£¢¤ ¥§¦�¨�© ��ª � ¥¬« � ¥ ���� *ª (3.8)

andif we dropthis into thediscretisedproblemEqn.(3.1),andtruncatetheresulting
series,weobtain­ ��� ¥  	¡¯®¤� ¦�¨ © �iª �

¥ «+° ¥ � ª ° ¥ � ¡S±[²³ ° ��� ¥ ª+´�  ��� ��´� �µ�´�¶ (3.9)

Thiscanbeinvertedto obtainthecoefficients � ¥ ¡ © �iª � ¥¬« , whichcanreconstructthe
sourcefunctionfrom Eqn.(3.7).

This is potentiallya very powerful method,but it doesrely on the legitimacy of
thetruncationof theseriesat · terms.Thatmeansthatit dependsonthechoiceof the
set ¸�� ¥5¹ : youcangetverygoodresultsif this is chosensuitably, but alsospectacularly
bad(but nonethelessunfortunatelyplausible)resultsif it is chosenbadly.

1.4 Singular value decomposition – SVD

ThediscretisedproblemEqn.(3.1)canbewritten,asin Eqn.(3.2),asº ¡u»�¼	ª (3.10)

where » is ·¾½À¿ ( ·MÁr¿ ). It follows that,formally,¼O¡�Â§»�Ã	»�ÄÆÅ&Ç�»�Ã º ª (3.11)

whereÈYÉ » Ã » is square¿Ê½À¿ andnon-singularby assumption,sothattheinverse
exists.This reducesto ¼O¡u» Å�Ç º if » is square.

It is atheoremof linearalgebrathat,for amatrix È ( ·Ë½Ì¿ ), thereexist matricesÍ
( ·¾½À· , orthogonal),Î ( ¿Ê½Ï¿ , orthogonal)and Ð ( ·¾½À¿ , diagonal),suchthatÑ ¡ Í<Ð	Î Ã ¶ (3.12)

If
Ñ

is square¿2½Ê¿ , as in our case,thenso are Í , Î , and Ð , and Ð ¡Mµ�ÒÔÓ�Õ���Ö ¥   .
The ¸ Ö ¥ ¹ are known as the singularvalues,and Eqn. (3.12) is the Singular Value
Decomposition. We canarrangethat Ö Ç Á Ö�× Á ¶@¶�¶�ØYÙ (all will bestrictly positive
if
Ñ

is non-singular).
Theadvantageof theSVD is that

Ñ
in Eqn.(3.12)is veryeasyto invert:Ñ Å&Ç ¡u� Í�Ð	Î Ã   Å&Ç ¡ ÎÚÐ Å&Ç Í Ã ª (3.13)

and Û Å&Ç ¡�µ�ÒÔÓ�Õ��5Ü�Ý�Ö ¥   . We thushave theformalsolution¼O¡ Ñ Å&Ç » Ã º ª (3.14)

but this is still ill-conditioned,sinceÐ Å�Ç blowsupwhen Ö ¥ is toosmall,whichhasthe
effectof destructivelyamplifyingrandomnoisein thedatavector º . Theextentof this
ill-conditioningis givenby theconditionnumberÞÚß ¡�Ö Ç Ý�Ö:à . We improvethecon-
ditioningby selectingamaximumconditionnumberá , andusingin Eqn.(3.14)not

Ñ
but
Ñ Ç , which is

Ñ
with all theterms Ü�Ý�Ö ¥ largerthanathresholdá Ý�Ö Ç suppressed,by

settingthemto zero.
Theselectionof themaximumconditionnumberis potentiallyquitedelicate,and

might depend,for example,on thenumericalaccuracy availableor requiredin your
numericalcalculation.InversionusingSVD is computationallyexpensive,but stable
androbust.
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2 The instability

In matrix form, theinverseproblemis â�ãOäæåiç
(3.15)

Therewill alwaysbemeasurementerrorsin thedatavector

å
, sothatwhatwemeasure

is not

å
but

åéèæê�å
. Theseinduceerrorsin the recoveredsourcefunction, andwe

recover

ãÏèxê�ã
. Since

â
is linear, wehaveê�ãÊä�â	ë�ì�ê�å�í

(3.16)

andwewantto find therelationshipbetweenthe‘size’ of

ê�å
and

ê�ã
. Such‘sizes’we

candiscussusingvectorandmatrixnorms.

2.1 Norms of vector s and matrices

Normsarereal-valuedfunctionalsof vectorsandmatrices,with thepropertiesî*ï�îñð[ò í
with

î�ïÚî ä ò>ó6ô ï äYõî*öiï�î äu÷ ö ÷ î*ï�îî�ï èxø îñùSî*ï�î è î ø î ú ûü (3.17)

Thereareseveral possibledefinitionsof the vectornorm, of which oneof the most
usefulis the‘ ý -norm’: î�ïÚî}þ ä ÿ������� ì ÷ �
	 ÷ þ��
 ì�� þ

(3.18)

from which î*ï�î�� ä����
�	 ÷ � 	 ÷ ç
(3.19)

Matrix normssatisfytheconditionsî����	îñù>î�� î?î��	î í �
and

�
squareî��<ï�îñù>î�� î?î�ï�î � (3.20)

We candefineý -normsin suchaway thatî�� î�� ä�� �!���#"%$ �'&(�<ï ä)" ï(* ì�� � ä)+-,/.�0 í
(3.21)

where

+-,/.�0
is themaximumsingularvalueof

�
(cf, Sect.1.4),andî�� î�� ä1�!�
�	 ����� ì ÷ 2 	 � ÷ ç (3.22)

2.2 Instability in IP inversion

FromEqns.(3.15),(3.16)and(3.20),wehaveî å î ù î â îDî ã îî ê�ã î ù î â ë�ì î?î ê�å î ç
Thus,immediately î ê�ã îî ã î ù4365 î ê�å îî å î í (3.23)

with theconditionnumberdefinedas
3 587 î â î?î â ë�ì î

.
Recallthat

î â î�� ä�+9,/.:0
. It follows that

î â ë&ì î�� ä�;=<
+-,/> ?
, sothat3 5 ä î â î��?î â ë�ì î�� ä +9,/.:0+ ,/> ?

(3.24)

(compareSect.1.4 above). Whentheconditionnumberis large,Eqn.(3.23)tells us
that the matrix

â
permitsthe recoveredsourcevector

ã
to have errorsmuchlarger

thanthosein thedatavector

å
.
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2.3 Examples

In Sect.2-3, we discussedrecovering a sourcefunction by differentiatingthe data
functionEqn.(2.12). Theconditionnumberof the inversionEqn.(2.14)dependson
thematrix @ , which hasnorm A
@BA�CED)FHGJI�K
L . Thus M6N�DOA
@BA�C%A
@QPSRTA�CUD1FWV .
Thus,althoughthequadratureEqn.(2.13)becomesmoreaccurateas F increases,the
inversionbecomeslessstable,andbeyonda point,we loseaccuracy instead.

Secondly, consider X DZY I II[I]\_^a`cb (3.25)

This is easilyinvertible,but its conditionnumberM6d8GeI=K�^ as ^gfih . This echoes
the observation that,as ^!fjh , the matrix rows becomedegenerateand @ becomes
singular. For all kmlon�p-qsr4tvuxw�yTz|{Wk X qgDE}~V , thesetof points ��kml(n:p-q��Sl�\�p�D��=�
ismappedinto thesinglepoint k �
n���q . Thatis, �/d�D���kml(n:p-qB��l�DJ��p�� . When ^s�D�h ,� y
{-�x� X D�}�V but, following Eqn. (3.23),a tiny changein positionin � yT{-�T�Tk X q is
consistentwth ahugemovementin tvuTw!y
z�{Wk X q .
3 Example: Inversion of Abel’ s equation

Wewill examinetheproductintegration(Sect.1.2)andpolynomialexpansion(Sect.1.3)
methodsasappliedto theproblem���� � kmp-qk l���p-q�� D4�Skml�q�n (3.26)

which is Abel’sequation.This followsCraigandBrown, section5.4.
If weexpand � k pvq'D C� �¡ R �   p   PSR n (3.27)

thenweswiftly find, usingEqn.(3.9),that�Skml�¢£q'D C� �¡ R l   P �¢ ¤ k�¥xn�¦a\1I=q �   n�§~D�ITn b¨b�b n�F (3.28)

The sumcanbe truncatedat a suitablepoint; truncationat ©jDªF givesa lower-
triangularsystemwhichis easilysolvedfor �   . Thissolutionis analyticallyattractive,
but it becomesunstablerapidlyas F increases.

Alternatively, wecanusetheproductintegrationmethodto expandEqn.(3.26)as��k l«¢¬qQD®­� �¡ R �   ���¨¯��¯±°�² kml�¢S��pvq P � t-p�n §~D�ITn b�b�b n:© b (3.29)

We can recover the values �   by a processsimilar to above. This is in principle
lessaccurate,asit implicitly makesthepotentiallycrudeassumptionthat thesource
function value may be taken to be constantin eachinterval ³ l   PSR n:l  ¨´ , whilst the
polynomialexpansionmethodwill beexactfor polynomial � kml�q upto degree k Fg�HI=q .
However, thepayoff for this loweraccuracy is substantiallyimprovedstability.
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Examples

Section 1.4

Considertheproblemµ·¶J¸o¹ , where¸�¶»º¼�½¾ ¼ ¿ ¿¿ º]À�ÁÂº�ÃÄÁ¿ º�ÃÄÁÂº]À�Á
ÅÆJÇ

(3.30)

ConfirmthattheSVD decompositionof this is ¸�¶8È/ÉÊÈ(Ë , whereÈ�¶ ºÌ ¼ ½¾ Ì ¼[¿ ¿¿ º º¿ º[ÃÍº
ÅÆOÎ É4¶ ½¾ º ¿[¿¿ º ¿¿®¿ Á

ÅÆOÎ
(3.31)

showing thattheproblem ¸ hassingularvaluesÏ º Î º Î Á�Ð . Satisfyyourselfthat ¸'ÑWÒÓ¶È/ÉÓÑSÒ=È�Ë is indeedtheinverseof ¸ . If thesourcevectoris Ô4¶ÕÏ º Î º Î º=Ð , thenshow
that Ö×¶ØÏ º Î º Î º�Ð . If, however, we wereto obtainthe data ÙÖ�¶ZÏ ºÓÀ�Ú Ò Î ºÓÀ1Ú�Û Î º=Ð ,with Ú Ò and Ú�Û bothsmall,like Á , thenobtain ÙÔ_¶�¸'ÑWÒÜÙÖ (thereis no significance,by
theway, in my having omittedany erroron ¹�Ý – this is simplyto makethecalculation
fit on one page!). Note that if Á is small, then the solution ÙÔ is dominatedby the
noise Ú�Û (but the noiseterm Ú Ò , not nearthe rangeof the null spaceof Þ , doesnot
havea big effect).

Now removethetroublesomesingularvaluesby removing theterm º=ß�Á in ÉÓÑWÒ , to
obtain ÉÓÑWÒ±à(¶�ávâäã
å«Ï º Î º Î ¿ Ð , andthusobtain ¸'ÑWÒ±ào¶UÈ~ÉÓÑWÒ±àæÈ(Ë . Obtain ÙÔ usingthis
new ¸'ÑWÒ±à , andnoticethatthesmallnoiseterm Ú Û producesonly a smalleffecton the
recoveredsolution.

Section 2.3

ConsidertheproblemÖ%¶�çvÔ . Show directly thattheinverseof ç isç ÑSÒ ¶Øè º]À�º=ß
ÁéÃÍº=ß
ÁÃÍº�ß�Á º�ß�Áëê Ç
(3.32)

Show thatansourcevectorof Ô�¶�Ï º=ß ¼ Î º=ß ¼ Ð producesadatavector Ö�¶JÏ º Î º«ÀìÁ�ß ¼ Ð ,and that a dataerror Ú Ö�¶íÏ ¿ Î ÚTß ¼ Ð producesan error in the recovery of Ú Ôî¶Ï Ã#ÚTß ¼ Á Î ÚTß ¼ Á�Ð . Find the condition numberof the problem ç (using the ï -norm
in Eqn. (3.22)), and show that this is consistentwith the ratios ð Ú ¹~ð¨ñ ß ð�¹/ð�ñ andð Ú µSð¨ñ ß ðòµWð�ñ . Finally, pick valuessuchas Á ¶ ¿ Ç º (ie, a conditionnumberof forty-
ish – a ratherwell-conditionedproblem,really!) and Ú ¶ ¿ Ç º (ie, dataerrorsof 5%),
evaluateÖ À�Ú Ö andthe Ô À)Ú Ô it givesrise to, andnotethe respective differences
betweentheseand Ö and Ô .
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