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1 Integral equations

Youarefamiliarwith algebraic equations, suchas�������	��

�
or, moregenerally, ������� ��� � � � , which hastheformal solution � � ������� � � � ��� . This
solutionexistsonly for � �"! and �$# ! .
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However, thesolutionmightnotexist, beunique, or bestablefor
all valuesof � and � . Considerlimits on solutionof �<�>=@?BA:�*��
DC � .
Note E �� � E �� � C �F GIH C�J � =K?;AL�	��

C �NM
illustratingthatthesolutions� ���O� or �P� � � canbeveryunstable.

An algebraicequationrelatesvaluesof � and � . A functional
equationrelatesfunctionsof � and � :� ����� �RQTS ��� � �VU*��WYX (2.1)

If theoperatorQ is a differentialoperator, this is a (familiar!) differential equation.
For example,if Q��[Z.\\ �^] � J \ J\ �_JN`�a:b � M
thenEqn.(2.1)correspondsto � �4�O� �c\ �\ � ] � J \ J �\ � J X
In simplecases,wecansolvesuchequationsdirectly:\ �\ � �"� ����� implies � ��de� ���O� \ �fX

In thiscourse,weareinterestedin integral equations. We write� � � � �hgiSLj ���O�kU*l M � W � lD�4�O� j ����� ]nm d"o	p ��qr p ��qts ��� M � � j � � � \ � M (2.2)

Theformalsolutionto this inverseproblemcanbewrittenj � � � �.g �u� SL� �4�O�kU � WvX (2.3)w
Updatedfrom notesof 23October1998
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If the limits x and y arein factconstants,this is a Fredholmequation, if they are
not, it is a Volterra equation. In eithercase,if thefunction zD{4|O}
~�� theIE is termed
first kind, if z7{�|�}�~�� it is secondkind.

Familiarexamplesof integral transformsarethelaplacetransform���L� {��1}V�*|��������n{�|f�*�1}N�h�K�O��� {4x2�h�1�By7���n}V� (2.4)

andthefourier transform� ��� {4��}k�	|f�������n{�|��	�1}N� �� �@� �L� �L� {�xi��� �h�By7���n}V¡ (2.5)

2 Examples

2.1 Electr on spectra from bremsstrahlung photon spectra

Observeanelectronflux spectrum¢u£�¤�¢¦¥n�L§¨��©Vª;«*¬v­¦®�¯ �O° ® �u± perunitelectronenergy¥ , in aplasmaof iondensity² . Rateof bremsstrahlungemissionis ¢1³_¤@¢1´uµ1¶¦¬@ª*¬v­¦®¦® �u±
perunit photonenergy ´ .¢1³¢1´ {4´V}N�·²T¸n¹º ¢u£¢¦¥ {4¥T} ¢�»¢1´ {4¥¼�*´V}�¢1¥ (2.6)

where¢�»T¤�¢¦´ is thebremsstrahlungcross-section,differentialin ´ .
We canapproximate¢�»T¤@¢1´ ��»¾½:¿ÁÀ ° ¤@´B¥ , sothatEqn.(2.6)becomes¸ ¹º �¥ ¢u£¢1¥ ¢1¥�� �²f»Â½k¿<À ° ´ ¢1³¢1´ � (2.7)

whichwecandifferentiateto get¢u£¢1¥ � ¥²f» ½ ¿<À °ÄÃ � ¢¢1´ Å ´ ¢1³¢1´OÆÈÇ º4ÉfÊ ¡ (2.8)

2.2 Instrument convolutions – spectr ometer

We wish to measurea photonspectrum¢u£�¤@¢¦Ë ; what we actually obtain from a
specrometermeasurementis a function Ì2{�Í�}	¢1Í of position Í on a plateor CCD im-
age.We separatelyknow thespectrometer’s responsefunction Î�{4Í��^ËÏ} . Thus¢uÌ¢1Í {�Í�}N� ¸Ð¹� ¹ ¢u£¢¦Ë {ÑËÏ}	Îi{�Í��ÄËO}�¢¦Ëf¡ (2.9)

This is a Fredholmequation(of thefirst kind).
Thereare numerousother examples,many much more elaborate,in Craig and

Brown.

3 Error amplification and ill-posedness

In Eqn.(1.3),wecanwrite �2�hÒ , and Ó�{��1}Ô� � �Y²N{4�1}*¤�Õ � ° �Ö| ° , sothat× {�ØÙ}N� ¸ ¹Ú Ó�{��1}�¢���¡ (2.10)

Analytically, a problemof theformÛ {�|�}���¸ �½ � {��1}�¢�� (2.11)

hastheimmediatesolution � {��1}N� Å ¢ Û¢�|ÈÆ � É � � (2.12)

but thingsarenotassimpleasthis.
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The functions ôvõ_ö4÷Oøúùüûiý.þ:ÿ��Âý���÷ and ô��Lö�÷�øÖù û ý�þkÿ��Âý��f÷��	�

����� ÷ areclosetogetherin functionspacebecausethesuperimposed‘rip-
ple’ hasasmallamplitude.However, theirderivatives� õ ö��1øNù�ö��Oô�����÷�ø������
and � � ö��1ø arevery far apart,andbecomefurther apart as the frequencyof
theripple,

�
, increases. A verysmallperturbation(ie, measurementor ran-

domerror)on thedata, ô�ö4÷Oø , canresultin a very largeperturbationon the
recovery, ��ö �1ø . A datafunction with many fourier components(suchasa
saw-tooth, with infinitely many) canproducearbitrarily large components
in ��ö �1ø evenfor arbitrarilysmall

	
. We will comebackto this later.

Anotherway of seeingthis instability (which will, again,be of impor-
tancelater) is to considersolving Eqn. (2.11) numerically. Using a very
simplequadraturefor the integral,with ! ÷Öù#"�$ , ÷Öù%"&$('*)Lö 'Dù[û&)*"�),+-+,+ ø ,
wehave ô�ö."&$(' ø�ùhôuö '�! ÷OøNù /01 �32 �54�ö�",6ÂýnûÙø7$�89! ÷ (2.13)

Settingô / ùhôuö '�! ÷Oø and � 1 ù:�54�ö�",6ÂýnûÙø7$�8 , thiscanberepresentedas; ù<!T÷>=3?@)
or ô / ùA! ÷CB /D1 � 1 )
where = is thelower-triangularmatrix

B /D1 ùFE û if 6HGI'J
otherwise

+
Thiscanbesolvedsimplyby ‘forwardsubstitution’:ôK2IùL! ÷C�M2N) ô&O�ù<! ÷�ö ��2P�Q�RO�øPST�UO�ù�ö�ô&O
ý ôK2:ø
��! ÷3+
sothatthegeneraltermis

� 1 ù ô 1 ý ô 1WV 2! ÷ ù ôM4 6K! ÷(8ÏýÖôU4�ö�6�ýnûÙø7! ÷�8!T÷ + (2.14)

The right handside is a finite-differenceapproximationfor the derivative ô�X . This
is correctto Y�ö.$ O ø (thequadraturein Eqn.(2.13) is obtainedby truncatinga Taylor
seriesat thetermin $ O ), sothisexpressionwouldappearto improveas $[Z J

. How-
ever, the datasamplesô / will have measurementerrors,so that asthe discretisation
parameter$\Z J

, thedifferenceô / ýtô / V 2 will becomesmaller, anddominatedby the
randomvariationsin ô / . Evenin theabsenceof this,Eqn.(2.14)wouldbevulnerable
to numericalroundoff error, so that this inversionmethodis not particularly well-
conditioned.We will seethis effect in moredetailwhenwestudyconditionnumbers
in thenext part.

Justastherearemuchmoresophisticatedintegrationtechniques,therearemuch
more sophisticatedtechniquesfor addressinginverseproblemsHowever, the same
problemsof instabilitymustbeaddressed.

4 Stability and the Riemann-Lebesgue lemma

RecallfromSect.1 thedistinctformsof theFredholmequationsof thefirst andsecond
kind:ôuö�÷�ø�ù^] �õ BÐö�÷3)7�1ø_��ö �1ø���� ôuö�÷�ø�ùA�Pö4÷Oø`�bac] �õ Bnö�÷`)
�1ø_��ö �1ø����U+ (2.15)
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Volterraequationshave the upperlimit dNe�fRg�hif . Equationsof thesecondkind are
easierto solve since,if j is small, kRl�e fUgmhFnUe�fRg is anapproximatesolution. From
this, it is aneasystepto aniterativesolution,of theform

kUo�p3qre�fRgsh:nMe fRgutvjxwzy{}| e�f`~7��g�kRoUe ��g���� ~7��hA�(~,�&~*��~-�,�,��� (2.16)

It is a theoremthatthisprocesswill convergeif j3e�d�tv��g��������&� ��� | e f`~
��g,���^� .
Volterraequationsaresufficiently differentthatthis iterationhasbetterproperties:

theiterationconvergesfor all valuesof j . Also, differentiatinga Volterraequationof
thefirst kind leadsto�Rn��f h | e�f`~7fUg_k5e fUg`�bw �{�� |� f e f3~7��g_k5e ��g����R~
whichexistsif | e f3~7��g isnon-singular,andwhichisa(typicallywell-behaved)Volterra
equationof thesecondkind. Thiscanbeanimprovementdespitethepotentialfor in-
stabilitydueto a (numerical)differentiationof thedatafunction nUe�fRg .

Theinstabilityproblemsof theFredholmequationareillustratedby theRiemann-
LebesgueLemma.

4.1 The Riemann-Lebesgue lemma

If wby{ � | e�f`~
��g-����� is bounded,�Uf`~ (2.17)

then w y{ | e�f`~
��g����U��� � ��������~ as ��� �A� (2.18)

That is, for an integrablekernel, high-frequency componentsin the underlying
function(exemplifiedby � �U��� � ) makesmall-amplitudecontributionsto thedata.Which
is to saythatdatawith agivenmeasurementerroris consistentwith a recoveredfunc-
tion k5e fRg with arbitrarilymany componentsabovea certainfrequency.

Notethatthefourier-transformkernel( | e f`~
��gPh}�W��¡£¢¤f(� , e��R~¥dWgsh#e�tc�A~*�bg ) is
not integrable,sothelemmadoesnotapply.

As anexampleof theRiemann-LebesgueLemmain action,considerthesolution
of theconvolution nMe fRg@hA¦ | e�f§t¨��g�k>e���g���� . We cansolvethisusingfourier trans-
forms.Transformbothsidesof theequationto get©«ª nMe fUg¤¬­h �® �N¯ wz°� ° � �R��± � nUe�fRg���f

h �® �N¯ w °��² � ° ��f(�&�R��± � w °�W² � ° | e fHt³��g_k5e ��g����
h �® �N¯ w °´ ² � ° ��µN� �U�¶± ´ | e µ&g(w °� ° ����k>e���g�� �U�¶± �

substitutingµ·hAf§t³� . Thus nRe ¸@gsh ® ��¯ | e9¸@g k>e ¸@g
sothat k5e ��gPh ��N¯ w °� °

nRe ¸@g| e9¸@g � �¶± � ���U� (2.19)

Consideraddinganoisefunction ¹�nUe�fRg to thedata,whichwill resultin anerror ¹rk5e fUg
in therecoveredsolution. Sincethefourier transformis linear, thetransformapplied
to thetotaldatafunction nUe�fRg`�z¹�nUe�fRg resultsin

¹rk5e9¸@gPh �® �N¯ ¹�nRe ¸@g| e9¸@g � (2.20)
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Now, if the kernel is a physicallyrealisticone, thenthe Riemann-Lebesguelemma
will besatisfied: º »Q¼9½@¾-º�¿ÁÀ

as
º ½cº�¿ Â:Ã

As aresult,therecoveryerror ÄrÅ will beboundedonly ifº Ä�Æ ¼9½@¾,ºK¿ÁÀ
as

º ½cº&¿ ÂAÇ
anddoessosufficiently quickly. Thiswill not betruein practice.As a result, ÄrÅ will
notbeboundedin practice,unlessweeitherfilter outhighfrequency noisein thedata
(forcing

º Ä�Æ º�¿ÁÀ
), or elsewe forcetherecoveredsolution Å ¼ ÈU¾

to besmooth.

4.2 The null space and nearl y-singular opearator s

We canwrite Eqn.(2.15)as É ÅËÊ:Æ (2.21)

and ¼�ÌvÍvÎ(É�¾ Å«Ê}Æ Ã
(2.22)

If we discretisetheseas in Eqn. (2.13), thenwe canconsiderthe behaviour of the
correspondinglinearsystems.If

Î
is small, thenEqn.(2.22)is diagonallydominant

(closeto theunit matrix)andcanbeinvertedstably. When
Î

becomeslarge,however,
andif the matrix Ï is stronglysmoothing,thenthe rows of Ï canbecomeapproxi-
matelylinearlydependent.If any of therowsof a matrix Ï becomepreciselylinearly
dependent,then(i) thematrix becomessingular(non-invertible),andwill have some
zeroeigenvalues,and(ii) thematrixwill mapa subspaceof its domainto zero.

The extent to which (i) becomestrue is measuredby the conditionnumber;the
effectof (ii) is expressedin thenotionof thenull space. This isÐPÑ ÊÓÒrÔ�Õ É ÔËÊ À�Ö�Ç

(2.23)

with thepropertythatÉ ÅËÊ:Æ implies
ÉH¼ Å�×zØ>Ô ¾ Ê:Æ , ÔÚÙ ÐuÑ

, ØÛÙÚÜ Ã
(2.24)

This obviously leadsto non-uniquenessin thesolution Å ¼ ÈU¾
for the inverseproblem.

In general,we’ll assumebelow thatoperatorsarenon-singular(sothatsolutionsareat
leastformally unique),but thepoint of thestudyof inverseproblemsis thatwe wish
to dealwith operatorswhicharenearlysingular.

Another way of talking about the null spaceis to note that therewill be zero
eigenvalues,

Î(Ý Ê À
(rememberthat Å is an eigenfunctionwith eigenvalue

ÎCÝ
ifÞ ÎCÝ Õ É Å«Ê ÎCÝ Å ). Thatis,

ÎCß Ê À(Ç_à Ô«Ù ÐPá
.

‘Nearly singular’meansthat thereis a largevolumeof â�Êäã�å&æHç&è�é ¼�É�¾
which

mapsto a smallvolumeof ê#Ê:ë*ç�é�ì�í ¼ É�¾
, whichmeansthattiny errorsin yourmea-

suredpositionin thatsmallvolumewill turn into hugeerrorsin theinvertedposition
in â . If

É
is nearlysingular, then

Î Ý
will be ‘small’ for Å in the ‘almost-null-space’

of
É

.
For example,considerthesimple(separable)kernel

»b¼ È3Ç7î�¾ Ê<ïWåKð È ï,å�ð î
overa

symmetricinterval, sothat

Æ ¼ ÈR¾ ÊAï,å�ð Èxñbòó ò ïWåKð î Å ¼�î�¾ ã îUÃ
Thiswill havesolutionsonly if Æ ¼�ÈR¾sô ïWåKð È

, but if thereareany solutions,therewill
beaninfinitenumber, sincetoany solutionÅ ¼�î�¾

wecanaddanarbitraryantisymmetric
functionwithoutchangingtheright-hand-side.
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