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1 Integral equations

You arefamiliarwith algebraic equationssuchas
e® =siny

or, moregenerally f(z) = g(y), which hasthe formal solutionz = f~1[g(y)]. This
solutionexistsonly for z < 0 andy > 0.

However, the solutionmight not exist, be unique or be stablefor
all valuesof z andy. Considelimits on solutionof y = arcsine®. Y4
Note

T

dy oz xe
Y z /1 —e2® arcsine®’
illustratingthatthe solutionsy(z) or z(y) canbeveryunstable.

An algebraicequationrelatesvaluesof z andy. A functional
equatiorrelatesfunctionsof z andy:

9(z) = O{f(y); z}. 2.1) %

If the operator® is a differentialoperatorthis is a (familiar!) differenti

For example,if
d , d?
o= {5 i),

thenEqgn.(2.1) correspond$o

]Y

_df | Ldf
9(z) = dz o dz?’
In simplecasesye cansolve suchequationglirectly:

% = g(x) implies = /g(a:) dz.

In this coursewe areinterestedn integral equations We write
b(z)
9(y) = K{u(2); 0, y} = a(z)u(z) + A o K(z,y)u(y) dy, (2.2)
a\x
Theformal solutionto this inverseproblemcanbewritten
u(y) = K *{g(2);y}- (2.3)
*Updatedrom notesof 23 October1998
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If thelimits a andb arein factconstantsthis is a Fredholmequation if they are
not, it is a Volterra equation In eithercasejf thefunctiona(z) = 0 thelE is termed
firstkind, if a(z) = 1 it is secondkind.

Familiar examplesof integral transformsarethelaplacetransform

L{u(y);z} «— K(z,y) =e Y  (a=0,b= 00), (2.4)
andthefourier transform

Flu(); o} +— K(z,y) = %Q_W (4= —cob=o).  (25)

2 Examples

2.1 Electron spectra from bremsstrahlung photon spectra

Obsenreanelectrorflux spectrumid F//dE electrons m~2 s~! perunitelectronenegy
E, in aplasmaof ion densityn. Rateof bremsstrahlungmissioris dj /de photonss—*
perunit photonenepy e.

dj F dQ
de() n d_E(E)E

€

(E,e)dE (2.6)

whered @ /de is the bremsstrahlungross-sectiongifferentialin e.
We canapproximatelQ/de = Qomc?/eE, sothatEqn.(2.6) becomes

©1dF 1 dj

- = —  _— e~ 2.7
. EdE nQomc? “de’ 2.7)
whichwe candifferentiateto get
dF E d [ dj
= = . 2.
dE  nQemc? [ de ( de)] B 28

2.2 Instrument convolutions - spectr ometer

We wish to measurea photonspectrumd F//d\; what we actually obtain from a
specrometemeasuremerit a function G(1)d! of position/ on a plateor CCD im-
age.We separatelknow the spectrometesresponséunctionR(I — A). Thus

e, © 4F
= /_oo T R( = A) . 2.9)

Thisis a Fredholmequation(of thefirst kind).
Thereare numerousother examples,mary much more elaboratejn Craig and
Brown.

3 Error amplification and ill-posedness

In Egn.(1.3),wecanwritey = r, and f (y) = 2yn(y)/\/y? — 22, sothat

/ fy)dy. (2.10)
Analytically, a problemof theform
(@) = [ ulr)dy @1y)
hastheimmediatesolution
u(y) = (j_:i)x:y’ (2.12)

but thingsarenotassimpleasthis.
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The functionsg,(z) = 1 — exp —az andgy(z) = 1 — exp —azx + 15 :
B sinwz areclosetogetheiin functionspaceéecauséhe superimposetip-
ple’ hasasmallamplitude.However, theirderivativesu, (y) = (dg/dz)z=y
anduy(y) arevery far apart,andbecomeurther apart as the frequencyof
theripple, w, increasesA very smallperturbation(ie, measuremertr ran-
domerror) on thedata,g(z), canresultin a very large perturbatioron the
recovery, u(y). A datafunctionwith mary fourier componentgsuchasa
saw-tooth, with infinitely mary) can producearbitrarily large components
in u(y) evenfor arbitrarily small 3. We will comebackto this later.

> \

Wajqos
= | fpvaraiof)
x

Anotherway of seeingthis instability (which will, again,be of impor 157 L
tancelater) is to considersolving Eqn. (2.11) numerically Using a very \§>
simplequadraturdor theintegral, with Az = 2h, z = 2hi, (i = 1,2,...), 1 I
we have . 2 AR

K] ! !
9(2hi) = g(iAz) = > u[(2j — 1)h]Az (2.13) 05
j=1 oo

Settingg; = g(iAx) andu; = u[(2j — 1)h], thiscanberepresenteds

g = AzKu,

or
9i = AzKjjuj,

whereK is thelowertriangularmatrix

(1 ifj<i
Kij = { 0 otherwise

This canbesolvedsimply by ‘forwardsubstitution’:
g1 = Azuy, 92 = Ax(ur + u2) = ua = (g2 — 91)/Ax.
sothatthegenerakermis

. = 9= 9i-1 _ gljAz] — g[(j — 1)Aq]
/ Az Az ’

(2.14)

The right handside is a finite-differenceapproximationfor the derivative g’. This
is correctto O(h2) (the quadraturen Eqn. (2.13)is obtainedby truncatinga Taylor
seriesatthetermin h2), sothis expressiorwould appeato improve ash — 0. How-
ever, the datasamplesy; will have measuremergrrors,so that asthe discretisation
parameteh — 0, thedifferencey; — g; 1 will becomesmaller anddominatedy the
randomvariationsin g;. Evenin theabsencef this, Eqn.(2.14)would bevulnerable
to numericalroundof error, so that this inversionmethodis not particularly well-
conditioned.We will seethis effectin moredetailwhenwe studyconditionnumbers
in thenext part.

Justastherearemuchmoresophisticatedntegrationtechniquestherearemuch
more sophisticatedechniquedor addressingnverseproblemsHowever, the same
problemsof instability mustbe addressed.

4 Stability and the Riemann-Lebesgue lemma

Recallfrom Sect.1 thedistinctformsof theFredholmequation®f thefirstandsecond
kind:

b b
o(z) = / K(zyul)dy  gx) = u(z) + A / K(z,y)u(y)dy.  (2.15)
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Volterraequationshave the upperlimit (z) = z. Equationsof the secondkind are
easierto solve since,if A is small,uo(z) = g(z) is anapproximatesolution. From
this, it is aneasystepto aniterative solution,of theform

b
tni(z) = 9(z) — A / K@yun(y)dy n=012...  (2.16)

It is atheoremthatthis proceswwill corvergeif A(b — a) max, , | K (z,y)| < 1.

Volterraequationsaresuficiently differentthatthis iterationhasbetterproperties:
theiterationcornvergesfor all valuesof A. Also, differentiatinga Volterraequationof
thefirstkind leadsto

% = K(z,z)u(z) + /az %_i((x,y)u(y) dy,

whichexistsif K (z,y) is non-singularandwhichis a(typically well-behaed)Volterra
equationof thesecondkind. This canbeanimprovementdespitethe potentialfor in-
stability dueto a (numerical)differentiationof the datafunctiong(x).

Theinstability problemsof the Fredholmequatiorareillustratedby the Riemann-
Lebesgud.emma.

4.1 The Riemann-Lebesgue lemma
If )
/|K(m,y)|dy is boundedyz, (2.17)

then )
/ K(z,y)e ™ dy — 0, asm — oo. (2.18)

Thatis, for an integrablekernel, high-frequeng componentsn the underlying
function(exemplifiedby e ~#™¥) make small-amplitudeontritutionsto thedata.Which
is to saythatdatawith agivenmeasuremergrroris consistentvith arecoveredfunc-
tion u(x) with arbitrarily mary componentsbove a certainfrequeng.

Notethatthefouriertransformkernel(K (x,y) = expizy, (a,b) = (—o0, 00)) is
notintegrable,sothelemmadoesnot apply.

As anexampleof the Riemann-Lebesgueemmain action,considerthe solution
of thecorvolutiong(z) = [ K (z — y)u(y) dy. We cansolve this usingfourier trans-
forms. Transformboth sidesof theequatiorto get

Fow) = o= [ e o)
- = :_OO dee [~ Kl yputn)ay

— L * —itwg * —iw
- = /ﬁz_w age <K (¢) [  dyuy)e

substitutingt = x — y. Thus
9(w) = V21K (w)a(w)

sothat 1 gw)
_ g\w wy
u(y) = — ="—e"¥dy. 2.19
=5 | oy (219)
Consideraddinganoisefunctiondg(z) to thedata,whichwill resultin anerrordu(z)
in the recoveredsolution. Sincethe fourier transformis linear, the transformapplied
to thetotal datafunctiong(z) + dg(z) resultsin

|
—
°"|
)
—_
1&
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Now, if the kernelis a physicallyrealisticone, thenthe Riemann-Lebesguemma
will besatisfied: o
|[K(w)| =0 as|w| = oo.

As aresult,therecovery erroréu will beboundednly if
Bg(w)l =0 aslw| - oo,

anddoessosufiiciently quickly. Thiswill notbetruein practice.As aresult,éu will
notbeboundedn practice unlesswe eitherfilter outhigh frequeng noisein thedata
(forcing |0g| — 0), or elsewe forcetherecoveredsolutionu(z) to besmooth.

4.2 The null space and nearly-singular opearator s

We canwrite Eqn.(2.15)as
Ku=g (2.22)

and
(Z-X)u=g. (2.22)

If we discretisetheseasin Eqgn. (2.13), thenwe can considerthe behaiour of the
correspondindinear systems.If X is small,thenEqn.(2.22)is diagonallydominant
(closeto theunit matrix) andcanbeinvertedstably When becomesarge,however,
andif the matrix K is strongly smoothingthenthe rows of K canbecomeapproxi-
matelylinearly dependentlf any of therows of amatrix K becomepreciselylinearly
dependentthen(i) the matrix becomesingular(non-invertible),andwill have some
zeroeigervaluesand(ii) thematrix will mapa subspacef its domainto zero.

The extentto which (i) becomesgrue is measuredy the conditionnumber;the
effectof (ii) is expressedn thenotionof thenull space Thisis

Zx = {p: K¢ =0}, (2.23)
with the propertythat
Ku=g implies K(u+ad)=g , 0 € Zx,a € R. (2.24)

This obviously leadsto non-uniquenesm the solutionu(z) for theinverseproblem.
In generalwe’ll assumébelan thatoperatorarenon-singulafsothatsolutionsareat
leastformally unique),but the point of the studyof inverseproblemsis thatwe wish
to dealwith operatoravhich arenearlysingular

Anotherway of talking aboutthe null spaceis to note that therewill be zero
eigervalues,\, = 0 (rememberthat « is an eigenfunctionwith eigervalue \,, if
X, : Ku = Ayu). Thatis, /\¢ =0,Y¢ € Zg.

‘Nearly singular’ meansthatthereis a large volumeof U = domain(K) which
mapsto asmallvolumeof G = range(K), which meanghattiny errorsin your mea-
suredpositionin thatsmallvolumewill turninto hugeerrorsin theinvertedposition
in U. If K is nearlysingularthen A, will be‘small’ for « in the ‘almost-null-space
of K.

For example,considerthe simple(separablekernel K (x,y) = cosx cosy overa
symmetricinterval, sothat

a
g(z) = cosx/ cos yu(y) dy.
—a
Thiswill have solutionsonly if g(x) o cos z, butif therearearny solutions therewill
beaninfinite numbersinceto ary solutionu(y) we canaddanarbitraryantisymmetric
functionwithoutchangingtheright-hand-side.
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