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Course Programme

Lectures 6 to 10

6. An Advanced Toolbox for Bayesian Inference
7. An Advanced Toolbox for Bayesian Inference
8. Bayesian Model Selection

9. Monte Carlo Simulation Methods

10. Fourier Methods
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Parameter estimation:

Pos}erior Likeliliood Pfor

- :
p(model |data, /) o« p(data | model ,7)x p(model |I) ‘
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Parameter estimation: the Gaussian approximation

p(0 |data, I) o« p(data |@,1)x p(@|1) ‘

8p(6’ | data, ])
00 0=0,

'‘Best’' estimator:

=0 <+—— Maximise posterior

ov
Equivalently, we can define ¢=1log p(@|data,/) and compute 5

0:90
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Parameter estimation: the Gaussian approximation

p(0 |data, I) o« p(data |@,1)x p(@|1) ‘
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Best' estimator: ol 50 ) =0 <«—— Maximise posterior
0=0,

ov
Equivalently, we can define ¢=1log p(@|data,/) and compute 5

0:90

Taylor expand ¢(6) around 6=6,:
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Parameter estimation: the Gaussian approximation

p(0 |data, I) = exp [6(6’)]

Neglecting higher order terms in 8(6’)

p(0 |data, 1) o exp(—%(@—@o)zj

2
where 4=— ot
00°|
. : o : 2 0%/
This is equivalent to a normal distribution, with o™~ =4 =- pyee
6=06,
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Parameter estimation: the Gaussian approximation

p(0 |data, I) = exp [E(@)]

Neglecting higher order terms in /¢ (6’) <+—— Gaussian approximation

p(0 |data, 1) o exp(—%(@—@o)zj

2
where 4=— ot
00°|
. : o : 2 0%/
This is equivalent to a normal distribution, with o™~ =4 =- pyee
6=06,
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Parameter estimation: the Gaussian approximation

p(0 |data, I) = exp [6(9)]

Neglecting higher order terms in /¢ (6’) <+—— Gaussian approximation

p(0 |data, 1) o exp(—%(@—@o)zj

2
where 4=— ot
00°|
. : T : 2 0%/
This is equivalent to a normal distribution, with o™~ =4 =- pyee
0=0,

Can summarise inference from posterior by

0=0,to0
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Question 13: Neglecting the higher order terms in the log posterior
expansion produces a posterior which can be written as
a normal pdf because

A The higher order moments of a Gaussian are all zero

B The Gaussian pdf is uniquely specified by its mean
and variance

C The logarithm of a Gaussian pdf can be written in the
form of a quadratic

D All of the above



Parameter estimation: 2-D case

Recall our definition of variance

o0

Var[x] = J.(x — <x>)2 p(x|1)dx

—Q0

Extends to 2 variables - covariance

covfe.y] = [ [(e- ¥))p(e.y | Ddxdy
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Parameter estimation: 2-D case

Recall our definition of variance

o0

Var[x] = J.(x — <x>)2 p(x|1)dx

—Q0

Extends to 2 variables - covariance

cov[x,y] = J.j >)p(x v | Idxdy
If x and y areindependent, covlx,y| = 0

This is because p(x,y|I)=px|Dpy|I)
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Parameter estimation: 2-D case

‘ p(eloez |data9 ]) oC p(data |0190291)Xp(01902 |[)

op(6,,6, | data, 1)
00,

'‘Best’ estimator: -0

0;=6

o
00.

J

=0  where (=logp(6,,0,|data,l)

0;=06,,

Compute

A University o )
Qf GlangW Advanced Data Analysis Course, 2019-20 SUPA



Parameter estimation: 2-D case

‘ p(eloez |data9 ]) oC p(data |0190291)Xp(01902 |[)

op(6,,6, | data, 1)
00,

'‘Best’ estimator: -0

0;=6

o
00.

J

=0  where (=logp(6,,0,|data,l)

0;=06,,

Compute
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Parameter estimation: 2-D case

Taylor expand £(6,,6,) around &, :

oY o/
f(‘919‘92) = f(6’0196’02) LY (91 _‘901) T (‘92 _902) T
16,=0,, 210;=0,,
| 0/ , 0 2 0/
— 6,-6,,) + (6,-6,,) +2 6,-6,)6,-6,,) +...
2[ 8912 \o, 1~ Y01 8922 \o, 2~ Y2 00, 1~ Yo AV, — Vo
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Parameter estimation: 2-D case

Taylor expand £(6,,6,) around &, :

o/ ol
10,0 = 0y.0,) + M . M) .

1| 0%
2[ 892 (‘91_‘901)(02_002)] T...
1

0%/ 0%/

(‘91 o 001)2 + 8922

0;=0y,

(02 o ‘902 )2 +2

- 1 2

0;=6

p(0,,0, |data, 1) o exp[0(0,,0,)]

o exp [_ %Q] <+— (Gaussian approximation

./

4
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Parameter estimation: 2-D case

Taylor expand £(6,,6,) around &, :

o/ ol
10,0 = 0y.0,) + M . M) .

1 0%/ 0/ 0/
2[ 892 (‘91_‘901)(02_002)] T...
1

06,’

(‘91 o 001)2 +

0;=0y,

(02 _‘902)2 +2
1©YY2

0;=0, 0;=06,

p(0,,0, |data, 1) o exp[0(6,,0,)]
o exp [_ %Q] <+— (Gaussian approximation

) / Maximising posterior
X = Minimising y’
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Parameter estimation: 2-D case

Taylor expand £(6,,6,) around &, :

A C|6 -6 Quadratic
0 = (‘91_910 92_‘920){ }( 1 10) < form

2 2 2
where Azag2 B=6£2 c--2!
561 0,=6y, 562 0,=0,, 891892 0;=0 ;

- . . -
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Parameter estimation: 2-D case

Taylor expand £(6,,6,) around &, :

A C|6 -6 Quadratic
0 = (‘91_910 92_‘920){ }( 1 10) < form

2 2 2
where Azaf2 B=6£2 c--2!
561 0,=6y, 562 0,=0,, 691692 0;=0 ;

This is a bivariate normal distribution with covariance matrix

Gzyz' = CoV,; = <(0i_9i0)<0j_9j0)> = { oL }1

- 06,00,

Fisher information matrix
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2
g o
' 66,00,

is known as the Fisher information matrix

K

It provides a measure of how much information a given dataset
can yield about the parameters of a model.

We can see this most easily in the case where the Fisher
matrix is diagonal.

: ) )
Then K = —dlag(cf1 yeees O, )

If the i element of the Fisher matrix is large (negative),
the variance of parameter &, is small (and positive).

In general the Fisher matrix (and covariance matrix) will not be
diagonal; the Fisher matrix then tells us which combinations of
the parameters are well constrained by the data. (see later).



&

So if, for our model:

o the likelihood is Gaussian in shape (or if we can approximate
it as Gaussian - i.e. if the higher order terms in the Taylor
expansion of the log likelihood can be neglected);

o the parameters have broad, uniform priors;

then the posterior will also be Gaussian.

If we can evaluate the first and second partial derivatives of
the log likelihood, we can:

o compute the Fisher Information Matrix;
o compute the Covariance Matrix of the posterior.

We can also compute credible regions for the parameters
(in fact for this we don't need the derivatives - see Section 9 )
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We can write the log posterior as

16,,6,) = const —14%(6,.,6,)

Maximising pos‘remor
Now Z2=Z§m when (‘919‘92):(‘9019‘902) { Minimising 7 }

so we can write, for A;{z(ﬁl,@z): ;(2(6?1,6?2)— Zim

6(91992) = 6(901:‘902) _%AZZ(HD@)
So that

p(0,,0,|data, I) = p(6,,0, |data, I) exp [—%A;{z(ﬁl,(%)]

/

Maximum of the posterior
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.. 2
Minimum ¥
= maximum /¢

Parameter estimation: 2-D case

(6,0, | data, 1) |

il' ", ;
f " 1 A i
\1\'.'.1
o ;_{ I:-E-'r"'."::& “ﬁ'ﬂ.\.}ﬂh
' 4".|. % 1,# 11"' o A
G ; t" AR
2 o ok " f.'*"' % \l * ; : ‘\‘-

This is a bivariate normal distribution with covariance matrix
o |

o’ = cov, = <(‘9 9)(‘9 9‘0» - _W
i

Fisher information matrix
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.. 2
Minimum ¥
= maximum /¢

Parameter estimation: 2-D case

(6,0, | data, 1) |

1 2 v : RRRLY
slice’ of Ay A
. / E“::.‘:U TAVA WM (ALY
= /é —_— /g (8] '.[-II ’.. ... -'rr.i_,l‘l b Itli_tl-"f:l ::
max i | "x () f vy ‘ ! '.
il' ", ;
f " 1 LA i
A, \\1\'.'.1
P o= _:_{ I.-}'r"-';:& ‘ ‘ |:'-:.1}H.“
- ! 1.
g, * S
2 - Ie, " f.!.‘ 1' i) \l’ o *' ; : :\‘-‘

This is a bivariate normal distribution with covariance matrix
o |

o’ = cov, = <(‘9 9)(‘9 9‘0» - _W
i

Fisher information matrix
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.. 2
Minimum ¥
= maximum /¢

Parameter estimation: 2-D case

p(ela 62 | dataa ])

‘slice’ of Ay’ —

B gmax —1L ‘
53 |" + i
P e '““'l
L f‘:',',' *lj,* ‘_ " '. 1'::1,;’.'. :ﬁ:’.{‘ .
9 w7 ‘ﬁ':‘: : "ﬁ* '*,l‘ ‘.***Il :,.:‘ “*‘ “r _:::-.__- ,
2 & -a i‘ : *3 9
1

This is a bivariate normal distribution with covariance matrix
-1

2
02 = COVZ-J- = <(9 9 )(9 90)> - —62—82
i~

Fisher information matrix
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.. 2
Minimum ¥
= maximum /¢

Parameter estimation: 2-D case

(6,0, | data, 1) |

‘slice’ of Ay’
- Emax _6

: f-' -i
f
20658 o :-E',-".":}" **' "n-i l-'ﬂ-"'

)
9 wfr,'*:: t; " u’-l-‘; H** q:l"
2 = " .l *‘ ' ‘ ’ ‘ l"

This is a bivariate normal distribution with covariance matrix
o |

o’ = cov, = <(‘9 9)(‘9 9‘0» - _W
i

Fisher information matrix
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Parameter estimation: 2-D case

(6,0, | data, 1) |

We can compute the B AMR LR
Ay? that corresponds to BT AR T
e.g. 68%, 95%, 99% of |
the posterior pdf.

y
i eng *"‘ili‘ ‘1““1 L
s 0
We can draw contours 25 AR )
.1 by e R A Yy L) A
of equal probability 0, R
rr ety a s e

AL
e ﬁ';:‘bﬂ"“ﬂ':

— Credible regions
for the parameters

Extends easily
to N parameters
- or degrees of
freedom
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Parameter estimation: 2-D case

A SN KR
p(ela HZ | dataa ]) A --j:'_:,

We can compute the
Ay? that corresponds to
e.g. 68%, 95%, 99% of
the posterior pdf.

We can draw contours
of equal probability

i':
-":r"'"-*p‘*"r |‘ i- ‘l- I-‘

-
= "'i‘.‘h 'y “ h‘* *1 SN ia.l- ar .‘i" .-ﬂ.'lr il

Ay? as a Function of Confidence Level and Degrees of Freedom

i

— Credible regions
for the parameters

P 1 2 3 4 5 6

. 683% | 100 | 230 353 472 589  7.04

Extends BGSIIY 90% 271 4.61 6.25 778 924 10.6
to N parameters 954% | 400 | 617| 802 970 113 12.8
99% 663 | 921 11.3 13.3 15.1 16.8

- or degrees of |
y 99.73% | 9.00 11.8 14.2 16.3 18.2 20.1
freedom 99.99% | 15.1 184 211 23.5 257 278

From Numerical Recipes
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Parameter estimation: 2-D case

(6,0, | data, 1) |

Contours of constant B
probability are ellipses. AR ALY

Covariance matrix is
not in general diagonal

e AN
e ;,;3';;,;,':;# "’h. AR *,1'._"

. i So ::,__' & ,r l;, ‘_
about €, and 4, is 92 ‘ ;u:.,n it mhw.-» )

not independent
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Parameter estimation: 2-D case

Can define correlation coefficient ) [

cov|6,,6, ] di o ﬁ
= —-1<p<1 . . . . .
p \/ Varlﬁ1 J \/ Var[H2 J £ B ° ) B : "0,

Covariance matrix becomes less diagonal
= |p | increases

— isoprobability contours elongate
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Parameter estimation: 2-D case

Can define correlation coefficient ) [

cov|6,,6, ] di o ﬁ
p= -1<p<1 . . . . :
Jvatlo,] Jvarld,] r g ———ig

Covariance matrix becomes less diagonal
= |p | increases

— isoprobability contours elongate

Very important if we are interested
only in one parameter of
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Parameter estimation: 2-D case

92

o™~

‘Best-fit’ value
of 6’2 ,found — o
from Y,

00,

J
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Parameter estimation: 2-D case
92

o™~

‘Best-fit’ value

of 6’2 ,found — o

from Y,
00,

J
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Parameter estimation: 2-D case

‘Best-fit’ value

92

o™~

of 6’2 ,found — o

from ﬁ
00

J

A University
of Glasgow

A
y

If we ignore the covariance,
| we seriously underestimate
the uncertainty on 6,

(
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Question 14:  The marginal and conditional error bars on 6,
will be equal provided

A cov[é?1 ,0, ] =0
B covld,,0,]=1
C cov]6,,0,|=-1

D None of the above



Parameter estimation: 2-D case
92

[ I

‘Best-fit’ value
of 6’2 ,found — ©
from Y,

o0
0,=6,,
Oy, = 0-(01 16, = (920,])
Tr Marginal and conditional error -
bars only equal if cov[g,,6,]=0
—2 0 2 91
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Parameter estimation: 2-D case

Ay? =230

A2 as a Function of Confidence Level and Degrees of Freedom

15

P 1 2 3 4 5 6

683% | 100 230 353 472 580 704

90% 271 461 625 778 924 106

From Numerical Recipes 954% | 400 617 802 970 113 12.8
99% 663 921 113 133 15.1 16.8

99.73% | 9.00 11.8 142 163 182 201
9999% | 151 18.4 211 235 257 278
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Parameter estimation: 2-D case
92

. . . o
Linear combination

of 6 and ¢, well

constrained by data \

o
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Parameter estimation: 2-D case

92

. . . o
Linear combination

of 6 and ¢, well
constrained by data

Length of axes

determined by the »
eigenvalues of the

Fisher information

matrix
0/ ,H
F. = =|-0:
v 8@80]. [ UT -
' i
FO=20
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Parameter estimation: 2-D case
92

. . . o
Linear combination

of 6 and ¢, well
constrained by data

Length of axes

determined by the »
eigenvalues of the

Fisher information

matrix
0/ ,H
F. = =|-0;
Y 00,00, [ U} -
, _
FO=A10
—IZ l 6 . é 9
Direction of axes are the eigenvectors of F 1
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Parameter estimation: 2-D case
92

. . . o
Linear combination

of 6 and ¢, well
constrained by data

Length of axes

determined by the »
eigenvalues of the

Fisher information

matrix
P 0/ [ 2}1 I determines how much
., = =|—0.. . .
' 06,00, / N information we can learn
4 about our parameters
FO=10
—IZ l 6 . é 9
Direction of axes are the eigenvectors of F 1
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