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Values of Physical Constants

	Speed of light
	c
	2.998 ( 108 ms-1

	Gravitational constant
	G
	6.673 ( 10-11 Nm2kg-2

	Planck constant
	h
	6.626 ( 10-34 Js

	Boltzmann constant
	k
	1.381 ( 10-23 JK-1

	Stefan-Boltzmann constant
	(
	5.671 ( 10-8 Wm-2K-4

	Gas constant
	R
	8.315 Jmol-1K-1

	Proton mass
	mp
	1.673 ( 10-27 kg

	Electron mass
	me
	9.109 ( 10-31kg

	Charge on an electron
	e
	1.602 ( 10-19 C

	Thomson cross-section
	(T
	6.652 ( 10-29 m-2

	Astronomical Unit
	AU
	1.496 ( 1011 m

	Parsec
	pc
	3.086 ( 1016 m

	Light year
	Ly
	9.461 ( 1015 m

	Solar mass
	M(
	1.989 ( 1030 kg

	Solar radius
	R(
	6.960 ( 108 m

	Solar luminosity
	L(
	3.826 ( 1026 W

	Earth mass
	M(
	5.976 ( 1024 kg

	Earth radius
	R(
	6.378 ( 106 m


The collection of tutorial problems listed in this booklet has been assembled over the past few years. It covers all four courses taught in Astronomy A2Z, and will generally provide the questions set in the tutorial assignments. Note, however, that lecturers and course syllabuses change from year to year. Thus, some of the tutorial problems listed here may relate to material that is covered slightly differently, in less depth – or indeed not at all – in this year’s lectures.  Your lecturers will ensure that any problems set as tutorial assignment questions are appropriate to this year’s syllabus.

Some lecturers may supplement the problems in this handbook with additional problems and exercises given in their lecture notes, or given out specifically as assignment questions.  Past exam papers also provide a rich source of questions to attempt; copies of past papers can be obtained from the University Library, and from the Astronomy Secretary at the end of the Second Term.

You are, of course, encouraged to attempt all of the tutorial problems in this handbook – not simply those problems set as assignment questions.  If you are unsure if a particular question is appropriate to this year’s syllabus, don’t hesitate to ask your lecturers or small group supervisor.

Dr Martin Hendry

Astronomy 2Z Class and Lab Head

Theoretical Astrophysics

1.1
The total mass of the visible solar corona is 1016kg comprised almost entirely of hydrogen.  During a solar eclipse a coronal iron line at 500 nm produces a flux of 10-2 Wm-2 at the earth.  If the solar abundance of iron atoms is 7 x 10-5 by number relative to hydrogen and if 10-4 of all iron atoms have an electron in the upper level of this transition at coronal temperatures and densities, calculate the Einstein coefficient A21 for the transition.  State whether the line is allowed or forbidden and calculate its natural width ((0.

[Atomic weight of Fe = 56]

1.2
The luminosity of the Galaxy in the 21cm line of neutral hydrogen is 1029W.   If this line were emitted solely by spontaneous downward transitions with A21 = 3 x 10-15 s-1 calculate:

(a)  the natural width of the line

(b)  a lower limit to the mass of neutral hydrogen in the Galaxy in solar masses

If the interstellar density and temperature are 106 m-3 and 100K respectively, calculate:

(c)  the thermal line width

(d)  the collisional line width for collisions with atoms (take (coll​ = 10-20 m2)

e) If the Galactic radius and rotation period near the sun are 10kpc and 108 years respectively, estimate very roughly how wide the observed 21cm line is due to Galactic rotation, assuming the rotation speed, 
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1.3 Show that the eccentricity e of the ellipse describing the relative profile (F()/F(0) 

versus of a spectral line for a star of equatorial rotation speed VEQ  seen at inclination i   is 



.

Hence show that for a star rotating at its centrifugal break up limit (see A1 Pulsar notes)

this becomes 




where  Rs = 2GM/c2  is the Schwarzschild radius of the star.
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1.4
In an accretion disk, matter at radius r orbits at the Keplerian speed 

 where M is the central mass.  As the matter spirals slowly inward it heats up to temperature 

 at a distance r  with T0, r0 constants.  Show that 

(a)   the maximum Doppler shift of light of rest wavelength (0 emitted at r is 




where 

 is the Schwarzschild radius of the central object;

(b)   the thermal line width of the line emitted at r is 




for an atom of mass mA.

Hence, by eliminating r, show that the ratio of thermal broadening to Doppler shift for a line formed at temperature T is 




1.5
Show that the ratio of (electron) collisional line width to thermal line width of a line at wavelength (21 from an ion of mass mA is




(Note that this is independent of T if (coll is constant.)

Calculate this ratio for a line at 500nm from hydrogen atoms in the solar photosphere if n=1023 m-3 and  (coll = 10 –20 m2.  At what wavelength range and for what kind of atoms would you expect collisional broadening to become more important?

1.6 Given the Maxwell speed distribution




show that

(a) the most probable speed (at which N(v) peaks, i.e. dN(v)/dv=0) is 

;

(b) the mean speed 

 , defined as  

is


and that 

(c) the mean kinetic energy, defined as 

, is 

.

1.7
Show that the fraction f of the total thermal kinetic energy (not the fractional number) contained in those particles of a Maxwellian distribution which have speeds  
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It is found that during rapid heating of the solar corona (total electron density 
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 in a solar flare, plasma waves are generated which trap all the heated electrons except those with  
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 which escape.  By approximating the integral above (e.g. graphically) estimate the total thermal energy of flare electrons which escape in this way if the total heated volume is 1017 m-3. [n.b.
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1.8
A globular cluster comprises N  stars each of mass M, distributed through a sphere of radius R, and with a Maxwellian distribution of speeds at effective temperature T  (such that  
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).  Show that the fraction of stars capable of escape at any instant is approximately
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If the stars have average mass 1031 kg, and mean speed 300 kms-1, calculate the 'temperature' involved, and comment on the result.

1.9
A planet has an albedo 
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 at optical wavelengths, and 
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 at infrared wavelengths, so that its temperature is given by the usual expression
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where subscript 
[image: image14.wmf]Q

 denotes the solar value.  The spectrum 
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 of radiation observed from its

sunlit hemisphere comprises two components:

(a)  radiation 
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emitted by the planet, where  
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 is the Planck function

(b)  reflected sunlight 
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 due the small but non-zero albedo.

Show that the the reflected and emitted radiation are in the ratio
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Use the approximation 
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 to show that at long wavelengths the emitted radiation will exceed the reflected provided
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(Note: it is this fact that allows radio spectra to be used to measure 
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1.10
The 'colour' of an object around wavelength 
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 may be defined by the dimensionless index
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Show that for a black body
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and also that
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Draw a graph of 
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 and deduce that spectral data in the optical are unsuitable for measuring the temperatures of hot stars.

1.11
The lifetime of an electron in the first and second excited states of hydrogen is about 10-8 s. Show that the natural width of the H( line is approximately 4.57 ( 10-5 nm.

1.12
The Sun’s photosphere has a temperature of 5770 K.  Show that the Doppler broadening of the H( line from photospheric hydrogen  is approximately 0.043 nm.  Taking the number density of hydrogen atoms to be 1.5 ( 1023 m-3, show that the collisional broadening of this line is comparable to its natural broadening.

1.13
Calculate the power spectra of the following waveforms:

a) A pure sinusoid:
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for all  t,

b) A pulse of duration 2( :  
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otherwise
c) An exponentially decaying sinusoid:
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for  t > 0
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for  t < 0,

where 
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, 
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 and (  are constants.   In each case sketch both the real part of the waveform in the time domain, and the power spectrum in the frequency domain.  

Estimate, and comment on, the line widths in the spectra of  b) and c)

1.14
Describe the three main sources of stellar spectrum line broadening, stating the relevant formulae.

Given that the fraction 
[image: image37.wmf]f

 of atoms (mass 
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) per unit line of sight speed 
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 in a hot gas is
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show that the profile of a thermally broadened line can be written as
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where 
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 is flux per unit wavelength at 
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A star has spectrum line profiles showing both rotational and thermal broadening. Show that the ratio of rotational to thermal widths is
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where 
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 is the speed at the stellar equator and 
[image: image46.wmf]i

 is the viewing angle.

Hence show that, whatever the viewing angle, the rotational width will always exceed the thermal width for lines from atoms of high enough 
[image: image47.wmf]A
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1.15

a) Explain how collisions between atoms in a gas cause spectral emission lines to be broadened.  What does collision broadening have in common with the natural broadening of lines?
b) By treating the gas as an ensemble of hard spheres of number density  n,  show that the mean time between collisions of the particles in the gas is approximately
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      where  
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 is the collision cross-section of the particles and u  is their mean speed.

c) Hence show that the ratio of pressure broadening to thermal broadening for a gas is approximately
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      where ( is the wavelength of the radiation and l is the mean distance travelled by the particles 

      between collisions.

d) Interstellar clouds of neutral hydrogen typically have number densities of 107 m-3.  By estimating the collision cross section of a hydrogen atom, show that collision broadening is never important in observations of such clouds.

1.16 
The Planck function 
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 giving the surface brightness per unit frequency 
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of a black body is defined to be 
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where 
[image: image54.wmf]T

 is the black body temperature.

(a) By integrating 
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 over all frequencies prove that the total luminosity of a black body is proportional to 
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(b) By differentiating 
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with respect to wavelength, prove that the wavelength at which peak radiant emission occurs is inversely proportional to 
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1.17
A planet with albedo 
[image: image59.wmf]A

 has uniform temperature due solely to the interception of solar radiation. Given that the sun has angular radius 
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 at the planet’s position, prove that 
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where 
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 is the solar temperature.

Two planets 
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 with respective albedos 
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  have maximum emission at wavelengths 
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 is approx. 10 times further from the sun than 
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1.18


a) List three ways in which a spectral line from an astrophysical source may be broadened.  Explain the physical basis behind each, giving approximate expressions for how they relate to other properties of the source.
b) Briefly describe how HI (21 cm) observations of the neutral hydrogen in the Galaxy can be used to map its velocity structure.
c) Assuming that the Galaxy comprises material moving in coplanar circular orbits about the Galactic centre and at angular velocities that decrease uniformly with radius r, show that on lines-of-sight within 90 degrees of the Galactic centre, there are always two locations with the same Doppler shift as seen from the Sun.
d) HI observations made at an angle of 15 degrees from the Galactic centre show a line profile consistent with a maximum redshift speed (seen from the Sun) of 140 km s-1, corresponding to material well within the orbit of the Sun.  Identify the location of this material on a diagram of the Galaxy and determine its orbital velocity, given that the orbital velocity of the Sun is 225 km s-1.
1.19

Discuss briefly how wave mechanics is used to calculate the rate of emission of photons by transitions between atomic states, and define the coefficient 
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Explain why all spectrum lines have a finite intrinsic (natural) width, 
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A forbidden line at wavelength 
[image: image72.wmf]l

 from a nebula at distance 
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 has a natural width 
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 and an observed energy flux 
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What other steps would be involved in using this expression to derive the mass of the nebula?

1.20

a) Explain what is meant by the ‘Boltzmann factor’, corresponding to a state of a system. Explain how, and under what conditions, it can be used to determine the probability that the system is in a state of energy, E.

b) What do we mean by the degeneracy, g, of a state?

c) Show that, under appropriate conditions, the probability that the electron in a hydrogen atom is in the ith excited state (with energy, 
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where 
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 is the temperature, 
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 is Boltzmann’s constant and the sum is over all possible states for the electron.

The ratio of the number 
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 of hydrogen atoms in the first excited state to the number 
[image: image83.wmf]1

N

 of 

hydrogen atoms in the ground state, can be expressed as


[image: image84.wmf]ú

û

ù

ê

ë

é

-

=

T

k

E

E

N

N

B

1

2

1

2

exp

4


d) Given that 
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 only when the temperature of the gas exceeds 85,000 K

e) Estimate the temperature range over which atomic hydrogen is fully ionised in astrophysics, and discuss how the disparity between this range and the temperature quoted above is important in the use of hydrogen line spectra as stellar diagnostics.

Observational Astrophysics

2.1 
Estimate the following quantities, stating clearly any assumptions you make

1. The radiant flux, F( , of sunlight on the Moon, in Wm-2
2. The bolometric luminosity of the Moon, in W, assuming thermal equilibrium. (Hint: think of a sphere of radius equal to the Moon-Sun distance; the Moon intercepts sunlight over what area of that sphere?)

3. The flux of moonshine on the Earth, in Wm-2
4. The solid angle subtended by the full Moon

5. The intensity of the illuminated full Moon

6. The intensity of a white sheet of paper on a sunny day

2.2
Calculate:

a) The total energy collected by a 100 m diameter radio telescope observing a 12 Jy radio source for 5 mins with a bandwidth of 10 MHz

b) The brightness temperature of the quasar 3C123 (angular diameter 20 arcsec, flux density 49 Jy) at a frequency of 1.4 GHz

2.3

a) Calculate the apparent magnitude of Vega if it were twice as far away as it is (N.B. you     

      don’t  require to know the distance of Vega to answer this question)

b) Calculate the distance modulus of the Sun.

2.4 When analysing the records from a 2-dimensional detector, the image of a faint star fills 10 pixels which give rise to a combined signal of  N  photoelectrons.  An adjacent section of the detector records the surrounding sky and 100 similar pixels provide a total signal of  Ns  photoelectrons.  Following a sky subtraction procedure, show that the signal-to-noise ratio for the detection of the star can be estimated from the equation
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2.5

a) What is the chief reason for the marked difference in absorption by the Earth’s dry atmosphere through the visual spectrum?  Show that the light from star of intrinsic apparent magnitude m0, after passing through a slice of atmosphere of optical depth (, will have an observed apparent magnitude of  
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b) Show further that if the star shines through the same slab of atmosphere at a zenith angle ( the observed magnitude is 
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where (m is the 'zenith extinction' (2.5( log10 e).

c) At 700nm the zenith extinction ((m700)  is 0.08 magnitudes. Estimate the absorption ((m400)  at 400nm.  (Assume the optical depth of air due to scattering is proportional to (-4.)

d) After correction for the atmosphere, a star is found to have a colour index (B-V) = -0.13.  If, at a particular observatory, the zenith extinction  ((m)  for the B band is 0.29 and the V band 0.17, at what zenith distance would the star have the same apparent magnitude in the two bands?

2.6

a) A spectrometer with a diffraction grating with a ruling of 600 lines mm-1 is used in second order.  The grating is illuminated at an angle of 30° and the dispersed spectrum emerges along the direction of the normal to the grating.  Calculate the Reciprocal Linear Dispersion (RLD) when a camera of 0·5m focal length is used.    

b) If the grating is 70mm × 70mm square, calculate the theoretical spectral resolving power of the instrument.

c) If the system is used to record stellar spectra under atmospheric conditions such that the seeing disc is ~ 10 arcsec, estimate the wavelength spread of each resolved spectral element if all the light from the star image is allowed to pass through the system.  How does this compare with the wavelength spread of the theoretical resolved element at, say, 500nm?

2.7
The Hubble Space Telescope has an aperture diameter of 2.4 m and an F-number of 12.9 when using the wide-field / planetary camera (WFPC2) in wide-field mode.  The camera’s CCD detector sits in the focal plane and is 1600 pixels across, with each pixel 15 (m wide.  Show that:

a) each pixel corresponds to an area of sky 0.1” across.

b) the total field of view of the CCD is 2’ 40”.

The V-band filter on the telescope has an effective bandwidth (( = 9(1013 Hz at a centre frequency of  ( = 5.5(1014 Hz.

c) Given that a source of visual magnitude mv = 0 corresponds to a flux density of 3950 Jy, show that, quite generally, the energy flux in this band from a source of visual magnitude mv  is



 J s-1 m-2 .

d) Show therefore that the number of V-band photons collected by the telescope in 1 hour is



.

At low light levels, the major noise contibutions are from Poisson noise due to the signal and readout noise, at 13 electrons rms, from the CCD.

e) Determine the magnitude of a source that would give an SNR of 5 in 1 hour assuming:  35 percent of the photons arriving at the telescope aperture are passed through the optics to the CCD; the response quantum efficiency of the CCD is 0.22.   (This is the definition of the HST’s limiting magnitude).

2.8
Estimate the angular resolving power of:

a) your eye

b) a pair of binoculars

a) a domestic satellite dish operating at 11 GHz.

What is the size of the smallest boulder resolvable on the Moon by the Hubble Space Telescope in low Earth orbit, operating in the visible part of the spectrum?  What would be the smallest resolvable feature if the same telescope was operating from the Earth’s surface?

(The HST has an aperture diameter of 2.4 m.  The Earth-Moon distance is 3.8(108 m)

2.9

a) Why, in simple terms, do we see stars twinkle with the naked eye but not through a telescope with a large aperture?  What determines the time scale on which this scintillation occurs?

In an observation of a star with a small telescope, scintillation occurs on a characteristic time scale of  (  = 0.01 s, giving fluctuations in the apparent flux density of  10 percent  (i.e.,  (S/S = 0.1).  

b) Argue that in a time T  this uncertainty (or ‘scintillation noise’) in the measured flux density of the star will become 



 .

There will also be uncertainly in the measured flux density due to photon (or Poisson) noise.  

c) Show that in the above observation scintillation noise dominates over photon noise if the telescope collects more than 104 photons s-1.

2.10
What is meant by the spectral resolving power of a spectrometer?  

Show, either analytically or by a plausible argument, that the angular width of a diffraction peak from a diffraction grating of  N  lines, spaced by a is 



  .

Show also that the spectral resolving power of a diffraction grating equals the number of lines ruled on its surface for 1st order diffraction. 

2.11

a) Explain what is meant by the signal-to-noise ratio (SNR) of a measurement, and why Poisson statistics are usually applicable to measurements based on the arrival of photons.                

The pulsar embedded in the Crab nebula has a mean apparent magnitude of mv= 13.9 in the optical V-band.  

b) Determine the mean flux density of the pulsar, S, given that a source of apparent magnitude mv=0 has a flux density of 3670 Jy.

c) If the width of the V-band is (((89 nm centred on a wavelength of (0=550 nm, show that the mean number of V-band photons arriving at the Earth per square metre is
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             where  h  is Planck’s constant, and determine a value for n.

d) An experiment is planned to detect this pulsar using a small telescope and a photomultiplier tube. What telescope aperture is required to give an snr of 10 after 20 seconds of integration, assuming that the Poisson noise from the pulsar is the only noise source, and that 10% of the photons incident on the telescope trigger a response?                                    

e) In reality the nebula in which the pulsar is embedded also contributes to the photon noise.  If this nebula has 100 times the flux density of the pulsar, what aperture is necessary to obtain the above snr when these photons are also taken into account?

2.12
A star is observed using a photomultiplier tube through an optical telescope of diameter 1.3 m. After 5 minutes observing, the number of counts detected through a standard B filter is 2592 and the number through a standard V filter is 3087.  The combined response quantum efficiency of the telescope and detector is 0.2, and the centre of the V-band is at a wavelength of 550 nm.  Estimate:

a) The visible flux of the star (i.e., the flux in the V-band).




 

b) The uncertainty in this estimate due to photon noise.




 

c) The apparent B-V colour index of the star.





 

Explain why this measured colour index can be expected to depend slightly on the zenith angle of the source if the observation is carried out from the Earth’s surface.  Would you expect its value to rise or fall with zenith angle?


 



2.13
A solar observation is planned in space to resolve a pair of spectral lines of hydrogen, of mean wavelength 656.3 nm and separation 0.015 nm, using a telescope and a spectrometer.  The system uses a transmission diffraction grating ruled on the surface of a plane sheet of glass with 600 lines mm-1.  

a) Draw a labelled diagram showing a suitable configuration for imaging the first order diffracted maxima of these two lines.

b) Show that the grating must be at least 7.3 cm wide to resolve the two lines and that the diffraction maxima will be seen at an angle of about ( = 23( to the normal. 


c) What requirements are placed on:

(i)   The diameter of the collimator lens, Dcoll 







(ii)  The diameter of the camera lens, Dcam 







(iii) The angular width of the spectrometer slit, as seen by the grating 




    
(iv)  The focal length of the camera lens,  fcam, if the detector has a pixel size of  0.02 mm. (You may assume that the spectral resolving power of a grating of N lines is 
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 for the first order diffraction peak.)

2.14

a) Briefly explain why charge coupled devices (CCDs) are frequently preferred over other types of detectors in optical astronomy. Name one circumstance in which a CCD would not  be the best choice

b) The illumination, 
[image: image93.wmf]J

, of a CCD is defined as the incident power per unit area of the chip. Show that a telescope of focal ratio 
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 gives an illumination of
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[You may assume that a uniform source of flux density 
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 and solid angle 
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intensity of  
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c) Comment on the significance of this result for the design of telescopes used to image extended objects.

2.15

Explain how CCDs are used for photon counting and imaging in astronomy.  Include in your account the factors that determine the sensitivity of the CCD.

The Next Generation Space Telescope is planned have an aperture diameter of 8m and have a 4 ( 4 arcmin field of view projected onto an 8000 ( 8000 pixel CCD.  Given that each pixel is 20 (m square, determine:

a) the F-number needed for the telescope,

b) the width of a diffraction-limited image of a point source, in pixels, at a wavelength of 4.8 (m.

If the overall efficiency of the optics and CCD is 70 percent, estimate the sensitivity of the telescope at this wavelength, in janskys, when operating with a filter of bandwidth 0.8 (m and an integration time of 5 mins (take the limiting sensitivity to correspond to a signal-to-noise ratio of 2, and assume that photon arrival statistics dominate the noise).

2.16

At observing frequencies of around 100 MHz, compact radio sources exhibit scintillation on time-scales of about 0.5 s as the radio waves pass through the turbulent solar wind – just as visible light is disturbed as it passes through the Earth's atmosphere. Given that the size of the density irregularities that cause the radio seeing are about 200 km and are 1 AU away, and that the scintillation level is 10 percent (i.e., (S /S = 0.1, where S is the measured flux density) estimate:

a) the speed of the solar wind in km s(1
b) the size of the radio seeing disc in arcsec

c) the minimum observing time necessary to determine a source's flux density to 1 percent

d) the largest size of radio antenna that could make this measurement for a source on the 

equator, without needing to track the source across the sky.
2.17

The 2-D image of a faint galaxy observed by a CCD covers 50 pixels.  For an exposure of 5 seconds a total of 
[image: image100.wmf]4
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 photo-electrons are recorded by the CCD from these pixels.  An adjacent section of the CCD, covering 2500 pixels, records the background sky count. During the same exposure time a total of 
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 photo-electrons are recorded from the adjacent section.  Show that, after subtracting the background sky count, the signal-to-noise ratio for the detection of the galaxy is estimated to be 73. 

Calculate the length of exposure required to increase the signal-to-noise ratio to 100.

2.18

ESO's Very Large Telescope (VLT) comprises four telescopes each with an aperture diameter of 8.2 metres.  One of these telescopes is used to observe an unresolved quasar of apparent magnitude mv = 17.1   in the V-band (centre wavelength 550 nm, bandwidth 89 nm), using a cooled CCD.  Given that mv = 0  corresponds to a flux density of 3670 Jy, determine the integration time necessary to obtain a signal-to-noise ratio of 100, assuming that photon arrival statistics dominate the noise and the efficiency of the combined system is 60 percent.

2.19

The star Merope, in the Pleiades, is observed at zenith angle 
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band apparent magnitude is observed to be 
[image: image106.wmf]22

.

4

=

V

.  Use these data to estimate the true colour index 
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2.20

The Intermediate Dispersion Spectrograph (IDS), on the Isaac Newton Telescope in La Palma, is used to measure the rotation curve of an edge-on spiral galaxy.  The IDS employs a diffraction grating with 1500 lines/mm to disperse the light, which is then focussed with a 0.5m focal length camera onto a CCD detector with a pixel size of 24 microns.  When the IDS is operating at first order, the H emission line profile for the spiral galaxy has a width of 20 pixels.

Use the above information to estimate the rotation speed of the galaxy in the outer part of its disk.  (You may assume that the angle of deflection for the diffracted maxima is small).

[ Rest wavelength of H= 656.3nm ]

2.21

Compare and contrast the techniques used to detect light energy from astronomical sources at gamma ray, X-ray, UV, optical, infrared, millimetre and radio wavelengths.  Include a brief description of a suitable detector for each waveband and explain clearly the physical factors that determine the design of each detector.
Relativity and Gravitation 

3.1
Summarise briefly the main difficulties with the ether concept, giving details of the experiments used to measure the properties of the ether (concentrate on Michelson-Morley & Fizeau).  How did Lorentz’s ether theory explain the results?

3.2
Derive the following results for v << c : 

(a) 

   
(b) 



(c) 


3.3
How great must be the relative speed of two observers for their time-interval measurements to differ by 1%?

3.4
The proper mean life of  (-mesons  is 2.6 x 10-8 s.  If a beam of such particles has speed 0.9c: (a) what would be their mean life as measured in the laboratory? (b) how far would they travel on average before they decay? (c) what would be your answer to part (b) if you neglected time dilation?




  


3.5
The mean lifetime of a free neutron is 12 minutes.  If the neutrons are made in the centre of the sun, how fast, on average, must they be travelling to reach the earth?  Hint: use equation (3) in your notes for the time between events as perceived in the rest frame of the neutron; this time ( must not exceed 12 minutes.  Establish the relative time in the earth frame as ((, and hence calculate the minimum speed necessary to complete the journey of 1AU.

3.6
A meter stick moves with speed 0.6c relative to you in a direction parallel to the long axis of the stick.  (a) How long is the stick when measured by you? (b) How long does it take for the stick to pass  you?

3.7
The quasar 3C-9 has an observed recessional speed with respect to the earth of 0.8c.  One of its spectral lines has a laboratory wavelength of 120nm.  What wavelength does this feature have in the quasar spectrum detected on earth?

Because of their enormous energy output, quasars have a short lifetime.  If 3C-9 is assumed to have a lifetime of 3x106 years, over what period of earth-time will light from this quasar be received on earth, assuming a constant recessional velocity?

3.8
How fast must you travel towards a red light (650nm) for it to appear green (525nm)?

3.9
(a)  At what speed must a clock travel, relative to an earth observer, to run slow by 0.5s in 1 year ?   (b) Compare this speed to that of a satellite orbiting earth at 7,900 ms-1  close to its surface.

3.10
A distant galaxy is moving away from the earth such that each wavelength is shifted by a factor of 2; what is the speed of the galaxy relative to us?

3.11
A certain line in the emission spectrum of neutral gas has a lab wavelength of 656.29nm.  Earth observations reveal this line in the spectrum of one member of a double star system, but at a wavelength varying between 656.10nm and 656.48nm, over a period of 9.06 days.  Assuming the star under observation is much less massive than its binary partner, what is its radius of orbit?

3.12
Two spaceships are approaching one another.  If the speed of  each is 0.9c relative to the earth, what is the speed of one relative to the other? 



[

3.13 A particle moves East at the speed 0.8c relative to the earth.  What is this particle's speed as measured by an observer in a spaceship travelling West relative to the earth at the speed 0.5c?  What would the answer have been if treated classically?

3.14
Three identical radio transmitters A, B & C are collinear, with A, C each moving in opposite directions from B, with speeds ( v, relative to B.  All 3 transmit at frequency 

.   

(i) 
At what frequency does C receive B's signals?  

(ii)
Show that C receives A's signals at a frequency 

 given by
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3.15
Establish the following useful formulae:



.

Prove that in the Lorentz transformation, for the usual frames S, S', the following holds:



.

3.16
Two lumps of putty are thrown directly toward each other, collide, and stick together.  Each has a rest mas of 1g, and each, before the collision, had a relativistic mass of 2g.  After the collision, the merged lump of putty must be at rest in the laboratory (why?); what is its rest mass?

3.17
A rocket that accelerates at a constant rate g in its rest frame can be shown to have a world line given by 

 where (ct, x) is the coordinate frame of the station.   Sketch this world line on a spacetime diagram, and show that the rocket cannot be contacted after a time t = c/g recorded in the station, but that the station will continue indefinitely to receive signals from the rocket.

Show that the velocity of the rocket in the station's frame is 


and that photons received by the station at time c/g will be Doppler shifted by a factor of 2.

3.18
The sun's rotational period is 24.7 days.  Calculate the Doppler shift that we would observe for light of wavelength 500nm from the limb near the equator.  How would this shift change across the sun's disc?

Compare this shift with the gravitational redshift of light from the sun.

3.19
In 1960, at Harvard University, a test of GR was carried out in which  a gamma ray from the unstable isotope 57 Fe was emitted at the bottom of a 22.6m tower.  What was the fractional change in frequency detected at the top?

3.20
The white dwarf star Sirius B has a radius of R = 5.5 x 108 m.  What is the gravitational redshift suffered by a photon emitted at the star's surface?
3.21
A hyperbolic space in 2D has a line element given by
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where  ( (  > 0 )

Show that this space has curvature -1/a2 at ( = 0.

3.22
Show that if the mass of the planet Jupiter could be compressed to form a black hole, it would have a radius of 2.82m.

3.23
The quasar Q2203+29 produces a hydrogen emission line detected on earth at a wavelength of 656.8nm, but which in the rest frame of the quasar has a wavelength of 121.6nm. Determine the recessional speed of the quasar.

3.24
A stick has proper length 
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and makes an angle 
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 with the x-axis in its rest frame S. Show that in the usual frame S’, with respect to which S moves with speed 
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along the x-axis, the stick makes an angle 
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3.25
Two spaceships each of proper length 100m are travel towards each other at a speed of 0.8c measured on earth.

(a) How long is each ship as measured by a terrestrial observer?

(b) How fast does a ship-board observer measure the other ship to be travelling?

(c) How long is each ship when measured from the rest-frame of the other?

On earth, at time t = 0, the ships are just about to pass each other. At what terrestrial time are the rear-most points aligned?
3.26
a) A train travels through a station at a relativistic speed (the driver is in a hurry to spend his pay-rise).  Two observers, 100m apart in the train's frame, take flash-photographs of the station.  The observer at the front takes her photograph 20m (in the train frame) before the observer at the back (in units where c=1).  Observers on the station platform see both flashes simultaneously.  Identify suitable reference frames, suitable events, and use the Lorentz Transformation equations to determine the speed of the train.

b) There is a row of clocks all along the platform, all synchronised, and each of the photographs taken by the train-borne observers includes a nearby one of these platform clocks.  Without doing any further calculation, state whether the platform clock in the front observer's photograph is ahead of that in the rear observer's photograph, or behind it, or whether they both show the same time.

3.27

a) A photon of frequency 
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 is emitted vertically from the surface of a star, of mass 
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 and radius 
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.  Show that the frequency of the photon when it arrives at the Earth is given approximately by
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      stating clearly any assumptions that you make.

b) An ultra-violet HeII emission line (laboratory wavelength 30.378 nm) is observed in the spectrum of a white dwarf. Assuming that the white dwarf has solar mass and radius equal to that of the Earth, calculate the wavelength of the line observed at the Earth, after accounting for gravitational redshift.

3.28

The two axioms of Special Relativity can be informally expressed as

· You can't tell if you're moving;

· The speed of light is constant.

Re-express these axioms in more precise terms, clearly explaining the meaning the axioms, the meanings of the terms you introduce, and the extent to which they or their consequences are counter-intuitive. Limit your answer to around 200 words.

3.29

a) Explain briefly what is meant by an inertial frame in special relativity.

b) State the weak equivalence principle of general relativity, and explain why it implies that test particles in a freely falling lift behave as if in an inertial frame.

Two parachutists are released from balloons, each at rest with respect to the ground, and at a height of 10 km and initial horizontal separation of 1 km. They begin to free fall vertically towards the Earth and open their parachutes after exactly 30 seconds.

c) Neglecting air resistance during their free fall, show that by the time their parachutes open their horizontal separation has reduced by approximately 69 centimetres, stating clearly any assumptions that you make.

d) Discuss briefly the classical Newtonian interpretation of why the separation of the parachutists changes during free fall, and contrast this with the general relativistic interpretation.
3.30

A train enters a tunnel travelling at speed 3/5 (in units where c=1 ).  The tunnel is 500m long, and the train 100m long, both as measured in their rest frames.  The train has a clock at the extreme front and back, which are synchronised in the train's frame.  The rear clock is observed to show time 0m at the instant the rear of the train disappears into the tunnel.  The front clock is also observed when it emerges from the other end of the tunnel.
a) Draw a Minkowski diagram showing the train's motion, including the worldlines of the clocks and the tunnel ends, and the two events consisting of the rear clock disappearing into, and the front clock emerging from, the tunnel.

b) By using the Lorentz Transformation and/or the length-contraction formula, or otherwise, deduce the time on the front clock when it emerges from the tunnel.
3.31

a) Given the Schwarzschild metric (in standard spherical polar coordinates) which describes the spacetime near to an isolated stationary point mass 
[image: image124.wmf]M



[image: image125.wmf]2

2

2

2

2

2

2

2

2

2

2

sin

2

1

2

1

f

q

q

d

r

d

r

r

c

GM

dr

dt

c

r

c

GM

ds

+

+

-

+

÷

ø

ö

ç

è

æ

-

-

=

,
show that, corresponding to a coordinate time interval 
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[image: image127.wmf]t

D

, measured by a test particle in a circular equatorial (i.e. 
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b) A communications satellite is in a circular, geostationary orbit at a height of  35900 km above the equator. An atomic clock onboard the satellite is initially synchronised with another atomic clock, which is in a laboratory at sea level in London (latitude 
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 N). Calculate how long, as measured by the London clock, before the satellite clock gains one thousandth of a second on its earthbound counterpart.
3.32

Consider a flashing light source that emits a pulse at time 
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 followed by another pulse at time 
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, as measured in the rest frame of the source.  An observer, O, in inertial frame, S – with respect to which the light source has uniform radial recessional speed 
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 – records these signals as being 
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 apart.  Show that
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explaining clearly how each term arises.

Deduce that O attributes a frequency, 
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, to the light source, given by
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The quasar PC 1247+3406 produces a hydrogen emission line, detected at 721.4 nm on Earth.  The rest wavelength of this line is 121.6 nm.  Deduce that the quasar is receding from us at 94.5% of the speed of light.
Stars and their Spectra

4.1
Describe the origins and development of the current MK stellar spectral classification scheme.  Explain why a colour magnitude diagram, rather than the basic HR diagram has more practical application to descriptions of stellar clusters.

What is meant by the term luminosity indicator?  Give an example which is appropriate to spectral class of your choice.

4.2   M type stars described as subdwarfs have absolute magnitudes of +10.  By applying the distance modulus equation, explain why such stars can only be detected with the aid of a telescope.

4.3   The Yale Bright Star Catalogue lists ( Aqr as a G2Ib type star with a visual magnitude of 2.9.  The absolute magnitude for such a type is -4.5.  Determine the distance of the star and calculate its apparent angular size.

[The Sun can be considered to be of the same spectral type – but not the same luminosity class with an absolute visual magnitude of +4.8].

4.4.
What are the primary advantages and disadvantages of using a colour-magnitude diagram as an alternative to a standard H-R diagram based on spectral class?    

What is meant by the term ‘luminosity indicator’. Explain the difference between a positive and a negative luminosity indicator.

Vega is an A0V star, of effective temperature T=9520K, and absolute bolometric magnitude Mbol = 0.3. Given that the Sun has effective temperature 5800K, and Mbol = 4.72, estimate the radius of Vega in units of the solar radius, stating clearly any assumptions you make.
4.5   Describe Wesselink’s method for investigating the radius variations of pulsating stars.

A pulsating star has a period, 

, of 8 days.  Corresponding to the chosen times within the cycle (4.8 and 6.4 days after peak brightness) at which the colour index has the identical values., the difference in magnitude 

is 0.08.  Between these times the measured velocity, 

, may be expressed as:
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where 

 and 

.  Determine the star’s radius (solar units} at each of the given times.
[N.B. The true radial velocity 

of the star is 

. ]

4.6
A binary star displays a single partial eclipse during each orbit.  The light reduction during eclipse is like a “V” notch which occupies one quarter of the periodic cycle.  The light curve is normalised so that during the undisturbed portion the brightness = 1.  At light minimum the brightness = 0.5.  

Determine the coefficient ao and the coefficients for the fundamental and first harmonic of the Fourier components (sine and cosine) of the light curve.
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4.7 
Photospheres of a class of late-type stars are thought to exhibit randomly positioned convection cells such that the projected stellar disk on average presents 10 patches which are hotter by 400K above the regular photosphere with a temperature of 4000K.  If each cell occupies about 1/25 of the stellar disk, estimate the typical fluctuations in the apparent magnitude that such stars display.

4.8
Stars of spectral type M cover a range of absolute magnitude from -7.5 to +10. Calculate the ratio of radii that is represented by this magnitude range.

In deciding the luminosity, M stars are classified by a calcium line at 422.7nm. This feature is said to be "a negative luminosity indicator"; what is meant by this?

Explain, in terms of a simple model star interior, how and why convection is an  important mechanism for transporting energy to the photosphere.

The photosphere of a late type supergiant has a mean temperature of 3,800K. On a particular occasion a large convection cell with a temperature of 4300K appears, occupying about 1/10th of the projected stellar disk. Estimate the change in magnitude this causes.  Indicate also the change in sense of the colour index (B-V).

4.9
A star is observed to have the following properties:

i) A P Cygni line profile with v( = 1000km/s

ii) A bolometric magnitude of –7.16 and an effective temperature of 20,000K

iii) A density at 2 R( (2 stellar radii) above its surface of 1.7(1015 protons per cubic metre

iv) A spectral line at 571nm showing Zeeman splitting of 0.15nm

Assuming that the wind velocity at 2 R( above the star’s surface is equal to half of the terminal speed, and that the star and its wind is composed completely of ionised hydrogen, calculate the mass-loss rate in units of solar masses per year. Calculate also its average magnetic field strength.

Solar data: Mbol = +4.72,    Radius = 6.96 ( 108m,
Teff = 5800 K

4.10
Explain the difference in appearance between HR diagrams based on spectral type/luminosity and (B-V)/luminosity.

In terms of spectral classification,  explain what is meant by a luminosity indicator.

Describe what is meant by a (-index value and explain why (-indices are important in the classification of early-type stars.

Explain the reasons, with a simple model diagram, why some early-type stars display small levels of intrinsic polarisation.

4.11
In the late-type stellar classification of M, stars have a range of absolute magnitude from -8 to +15. Estimate the ratio of stellar diameters that are involved in this class.

Describe the typical behaviour of a UV Ceti star in terms of optical and radio observations.

A typical UV Ceti star has a quiescent temperature of 3000K. At the time of a flare outburst, the Balmer lines display emission indicating local temperatures of 10,000K, and the apparent brightness increases by approximately 1.5 magnitudes. Estimate the fractional surface area of the star that is affected by the flare.

4.12
Continuous monitoring of a star on one night shows that its radial velocity has a roughly sinusoidal variation with a period of approximately 2H37M.  RV maxima are recorded at



HJD
244
3019.4119




244
3024.6429

each with a duration of 

( 1 minute.  Estimate the true period of the star and the uncertainty of this value expressing the values as decimals of a day.

4.13
Explain why determination of a black body temperature estimate for a star is made more difficult when the apparent magnitude is affected by interstellar dust.

Describe what is meant by a 
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-index value and explain why 
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-indices are important in the classification of early-type stars.

The photosphere of a late-type star has a temperature of 4000K. The apparent stellar disk displays a mean number of 10 cells, with a fluctuation of 
[image: image144.wmf]3

~

±

, with each cell occupying 1/30 of the projected disk and having a temperature ~500K greater than the photosphere. Estimate the typical changes in the apparent magnitude of this star.

4.14
What are the primary advantages and disadvantages of using a colour-magnitude diagram as an alternative to a standard H-R diagram based on spectral class?    

What is meant by the term ‘luminosity indicator’. Explain the difference between a positive and a negative luminosity indicator.

Vega is an A0V star, of effective temperature T=9520K, and absolute bolometric magnitude Mbol = 0.3. Given that the Sun has effective temperature 5800K, and Mbol = 4.72, estimate the radius of Vega in units of the solar radius, stating clearly any assumptions you make.

4.15
Sketch a U-B versus B-V colour-colour diagram, showing the curve along which main sequence stars lie, and indicating the spectral class corresponding to U-B = B-V = 0. 

Draw also the curve of true blackbodies on this diagram. How can the spectral class of reddened stars be identified with the aid of such a diagram? 

The star ( Cyg has an absolute magnitude MV = +1.37, and is observed to have a V-band magnitude of 7.2, and a B-V band colour excess, EB-V = 0.13m. How far away is it? 

(You may use AV   ( 3 EB-V)

4.16
Astronomers have recently discovered the presence of dusty disks around nearby stars.  For the disks to be stable, it is thought that the dust grains must be in orbit around the star. Derive the force-balance equation for a dust grain of mass mg in a circular orbit around a star of mass  M, luminosity  L, at radius r, i.e.                                                                                       
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Dust grains in orbit around a 10 solar mass star with bolometric magnitude +2.0 give rise to an infra-red absorption line centred at 1.2m, with a Doppler width of   0.7 x 10-4 m.  Assuming that the dust grains are silicates, which have a density of 2.3 g cm-3 and that the dust-grain radius equals the mean wavelength of the absorption line, calculate the approximate distance at which the dust grains are orbiting.   [ You may assume that the solar bolometric magnitude is +4.75 ]

4.17
What is meant by the chromosphere of a middle to late type star?

Sketch the shape of the calcium K line profile seen in such a star, explaining the origin of the K1, K2 and K3 features.

Explain what is meant by the Wilson Bappu effect, and why it is important for studies of stellar activity.

The photosphere of a late type supergiant has a mean effective temperature of 
[image: image146.wmf]4000

=

T

K. Estimate the change in magnitude caused by the presence of a large convection cell, covering 20% of the projected disk and with a temperature 
[image: image147.wmf]500

K hotter than the photosphere, stating clearly any assumptions which you make.

4.18 Explain briefly the physical mechanism which causes stars occupying the instability strip 

of the HR diagram to pulsate and state two differences between Classical Cepheids and W Virginis stars. Describe Wesselink’s method for estimating the radius of a pulsating star from its light, colour index and radial velocity curves.

The radial velocity curve of a particular Classical Cepheid is observed to be approximately given by a cosine curve, i.e. 
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days the Cepheid is observed to have the same colour index; at these epochs the Cepheid has apparent bolometric magnitude 
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 respectively. Use these data to estimate the radius of the Cepheid at these two epochs.

4.19


a) Give three ways in which the presence of a stellar magnetic field might be inferred from spectral or photometric signatures.

b) Derive the Schwarzschild  Criterion for the unstable rise of an adiabatic bubble through a stellar atmosphere, stating clearly the assumptions made.

A star with mean photospheric temperature 
[image: image157.wmf]p

T

 has six large equatorial convection cells, evenly spaced around the equator. Material flows upwards in the middle of these cells, leading to a hotspot. Each hotspot covers fractional area 
[image: image158.wmf]u

f

, and has temperature 
[image: image159.wmf]u

T

. The star is rotating. 

c) Neglecting limb darkening, but including area projection effects, show that when a hotspot is on the central meridian of the star, and  the star is viewed equator-on, the energy received from the star is given by
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d) If 
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, calculate the expected magnitude variation relative to a star with the same photospheric temperature but no convection.
4.20

a) By analogy with the simple pendulum, derive the relationship between the period and the mean density of a pulsating star, such as a Cepheid variable.
b) What is a luminosity indicator? Give 3 examples of luminosity indicators and the spectral types for which each can be used, stating whether they are positive or negative luminosity indicators
c) For young, main sequence stars, the mass-luminosity relationship is given by 
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, and the mass-radius relationship is given by 
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 are constants. Show that the ratio of  the surface gravities on two stars with luminosity 
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d) For a particular group of G stars, it is found that the equivalent width 
[image: image171.wmf]W

of a certain absorption feature is a negative luminosity indicator. The broadening is primarily pressure broadening, and has a full-width at half maximum of 
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where 
[image: image173.wmf]n

 is the local number density, 
[image: image174.wmf]T

 the temperature, 
[image: image175.wmf]l

the wavelength and the other constants have their usual meanings.  Assuming that the spectral feature is always formed at the same temperature, argue with reference to the expression derived in (c) why W is a negative luminosity indicator.

4.21

a) In what part of a star might a P Cygni line profile be formed, and what is the prototypical stellar type exhibiting such a profile?
b) Draw a P Cygni line profile, and illustrate with the aid of a diagram where in the star and its surroundings the various components are believed to originate.
c) In a star exhibiting P Cygni profiles, the blue-shifted component of the H line is shifted by 1.2nm  (rest wavelength of  H is 486.1nm).  Measurements indicate that the number density of absorbing material close to the star is 1012 electrons m-3. Assuming that the wind is composed of fully ionised hydrogen, estimate the mass flux (in kg s-1 m-2) from the star’s surface.
d) The underlying black-body spectrum from this star peaks at 80nm, and its absolute bolometric magnitude is –9.1.  Assuming that the blackbody temperature and the effective temperature of the star are equal, calculate the stellar luminosity and radius (in units of Lsun  and  Rsun  respectively). If the mass-loss is uniform over the star’s surface, calculate the total mass lost by the star in one year.

[ Assume that for the Sun  Teff  = 5800K  and Mbol  =  +4.75 ] 

4.22

a) Give three possible astrophysical reasons for periodic variations in the observed photometric signal from a star. What is thought to be the source of the photometric variation in the H emission line signal from a Be star?

b) What is meant by the instability strip of the HR diagram? Describe briefly, with the aid of a diagram if desired, the physical chain of events that causes stars in this part of the HR diagram to pulsate.


c) Derive the relationship between the period, P and the mean density 
[image: image176.wmf]ρ

 of a radially pulsating star (such as a Cepheid variable) i.e.  
[image: image177.wmf]const
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d) Explain why a relationship between Cepheid period and luminosity then follows.

e) Describe briefly how the period-luminosity relationship allows Cepheids to be used as distance indicators.
4.23

a) The class of Dwarf M stars known as UV Ceti stars exhibit sudden and unpredictable increases in optical brightness. What is thought to be the cause of these brightenings?

b) Describe the time evolution and energy of the UV Ceti flare phenomenon in the optical and radio wavelength ranges.



c) The effective temperature of a UV Ceti star when quiescent is around 3200K. An observed brightening leads to the appearance of several hydrogen lines in emission, the most intense of which is H( at 434.2 nm. The observed magnitude decrease during a brightening event is  (m = 1. Use these data to make an estimate for the percentage of the star’s surface affected by the brightening.  State clearly any assumptions that you make.
4.24

a) What is meant by the terms eclipsing binary and spectroscopic binary. Show how in an eclipsing binary, the temperature ratio of the stars can be determined from the light-curve.

b) Spectroscopic binaries can be double-lined or single-lined. Draw the radial velocity curves from a double-lined system with zero orbital eccentricity. What happens to these radial velocity curves when (1) the inclination and (2) the eccentricity of the system is changed?
4.25

Stars of spectral type B0Ia have effective surface temperatures of 
[image: image178.wmf]25000
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. Estimate the radius of B0 supergiants in units of the solar radius.

A particular B0 supergiant has 
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.  Estimate the minimum value of the star’s rotation period.




� EMBED Equation.3  ���








_1076481638.unknown

_1106071290.unknown

_1158239306.unknown

_1158328505.unknown

_1158331067.unknown

_1158331069.unknown

_1158331071.unknown

_1158331073.unknown

_1158332634.unknown

_1158331072.unknown

_1158331070.unknown

_1158331068.unknown

_1158331065.unknown

_1158331066.unknown

_1158328596.unknown

_1158313262.unknown

_1158313267.unknown

_1158327167.unknown

_1158327221.unknown

_1158325768.unknown

_1158313265.unknown

_1158313266.unknown

_1158313263.unknown

_1158311597.unknown

_1158313258.unknown

_1158313260.unknown

_1158313261.unknown

_1158313259.unknown

_1158312583.unknown

_1158313256.unknown

_1158313257.unknown

_1158313254.unknown

_1158312565.unknown

_1158311480

_1158311581.unknown

_1158299286.unknown

_1158299409.unknown

_1158298348

_1116994266.unknown

_1116994270.unknown

_1116998968.unknown

_1116998969.unknown

_1139382396.unknown

_1116994272.unknown

_1116994273.unknown

_1116994271.unknown

_1116994268.unknown

_1116994269.unknown

_1116994267.unknown

_1112769969.unknown

_1116994264.unknown

_1116994265.unknown

_1112769970.unknown

_1109690352.unknown

_1109690454.unknown

_1109690500.unknown

_1109690635.unknown

_1109690431.unknown

_1106071497.unknown

_1106071521.unknown

_1106071306.unknown

_1078914805.unknown

_1100608925.unknown

_1100609914.unknown

_1101825904.unknown

_1101826019.unknown

_1101827779.unknown

_1106071207.unknown

_1101826604.unknown

_1101826652.unknown

_1101826579.unknown

_1101825993.unknown

_1100610245.unknown

_1101825878.unknown

_1100609929.unknown

_1100609889.unknown

_1100609904.unknown

_1100609053.unknown

_1087296292.unknown

_1096135989.unknown

_1096136006.unknown

_1087297551.unknown

_1087297588.unknown

_1087297838.unknown

_1087297566.unknown

_1087296338.unknown

_1087295542.unknown

_1087296153.unknown

_1087042025.unknown

_1087042096.unknown

_1087043964.unknown

_1087042064.unknown

_1078915319.unknown

_1078911309.unknown

_1078911436.unknown

_1078912440.unknown

_1078914323.unknown

_1078914791.unknown

_1078914307.unknown

_1078912112.unknown

_1078911370.unknown

_1078910985.unknown

_1078911186.unknown

_1078911200.unknown

_1078911161.unknown

_1077085953.unknown

_1077086545.unknown

_1078836889.unknown

_1078910175.unknown

_1078739569.unknown

_1078739533.unknown

_1077086020.unknown

_1077086511.unknown

_1077085978.unknown

_1077085875.unknown

_1077085906.unknown

_1077085832.unknown

_937213919.unknown

_1015097779.unknown

_1046008204.unknown

_1046008957.unknown

_1046009292.unknown

_1046374074.unknown

_1074063580.unknown

_1074063630.unknown

_1046374316.unknown

_1046374341.unknown

_1046374366.unknown

_1046374165.unknown

_1046374022.unknown

_1046374059.unknown

_1046009582.unknown

_1046009064.unknown

_1046009266.unknown

_1046008988.unknown

_1046008423.unknown

_1046008682.unknown

_1046008816.unknown

_1046008632.unknown

_1046008246.unknown

_1046008286.unknown

_1046008223.unknown

_1038303722.unknown

_1038303834.unknown

_1038303855.unknown

_1038305020.unknown

_1038303769.unknown

_1015098941.unknown

_1015279001.unknown

_1015279059.unknown

_1015099211.unknown

_1015099230.unknown

_1015098208.unknown

_948696524.unknown

_1001492664.unknown

_1014648786.unknown

_1014648787.unknown

_1001492924.unknown

_948696656.unknown

_969197299

_948696569.unknown

_937221124.unknown

_937221315.unknown

_937221452.unknown

_937226708.unknown

_948696471.unknown

_937221569.unknown

_937221421.unknown

_937221191.unknown

_937214097.unknown

_937214614.unknown

_937214052.unknown

_908101322.unknown

_915260684.unknown

_937213581.unknown

_937213779.unknown

_937213811.unknown

_937213651.unknown

_937210397.unknown

_937213560.unknown

_915358798.unknown

_915359006.unknown

_915260695.unknown

_908778290.unknown

_911196863.unknown

_915260537.unknown

_911196821.unknown

_908101325.unknown

_908778289.unknown

_908101323.unknown

_906213528.unknown

_906214064.unknown

_906214209.unknown

_908101317.unknown

_908101319.unknown

_908101316.unknown

_908101313.unknown

_906214175

_906214208.unknown

_906214172.unknown

_906214173.unknown

_906214170.unknown

_906214169.unknown

_906213737

_906214062.unknown

_906213529.unknown

_906213134.unknown

_906213525.unknown

_906213526.unknown

_906213522.unknown

_906213523.unknown

_906213135.unknown

_906213520.unknown

_906213128.unknown

_906213131.unknown

_906213132.unknown

_906213130.unknown

_906212964

_906213127.unknown

_906213026.unknown

_905760995

_906212962

