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Inverseproblemsare commonthroughoutphysics,but ubiquitousin astronomy
wherewe only occasionallyhave direct,experimental accesso the objectswe study
Themostgeneralonedimensionallinear)inverseproblem(IP) hastheform

b(z)
9(z) = a(z)u(z) + A o K(z,y)u(y) dy,

wherew(z) is the underlyingfunction we wish to uncover, g(x) is somedata,and
K(z,y) is a (known) kernel function, which expresseshe effect of the physicalpro-
cessesiding this underlyingfunctionfrom us.

This is distinguishedrom the ‘forward problem’ or ‘direct problem’, of going
from someknown underlyingfunctionu(z) to a predictionof the obsenration g(z)
whichwould resultfromiit.

1 Types of inverse problems, and examples

A roughtypology of inverseproblemtypesis asfollows (this typologyis Glasko’s —
othersexist). The classificationis notcomplete but it illustratesthe rangeof inverse
problemsandthe broadareasf commontechnique.

1.1 The ‘interpretation problem’

Thisis perhapshe mosttypical IP, andconsistof the attemptto understanear mea-
surean underlyingprocessafter it hasbeendistortedby the effects of someother
physicalprocess.

As anexample,recallthat,in obsenations,threespatialdimensions
are projectedinto two. We may wish to measurea numberdensity of
starsn(r) in aglobular cluster but whatwe canobsenreis the numberof
starsprojectednto aline of sight, N(s). Fromthefigure,

N(s) = /O; n(s,z)dz (1.2)
—‘ dr (1.2)
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(in termsof r = /€ ands = /i) — thisis Abel’s equation). Thuswe
needto solve aninverseproblemto recovern(r) from obsered N (s).
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1.2 The‘instrument problem’

This is to someextent a subsetof the interpretationproblem. In this
casetheunderlyingprocessasbeendistortedby theinstrumentwe use
to measurdt, andthis meansthat we canstudythe distortionprocessn detail, and
manipulatat, possiblyby improving theinstrument.

The mosttypical exampleof sucha problemis thatof a telescopes point spread
function, or a photomultipliers responsdunction, both of which have the form of a
convolution (thatis, having akernelwhichis afunctionof (x — y) only):

o) = [ " K(z - y)uly) dy.

1.3 The ‘synthesis problem’

If we wish to designaninstrumentwith specificpropertiesthenwe have to solve an
inverseproblemto establishthoseparametersor a putative instrumentwhich give it
propertiesclosestto thosewe want. The distinction betweenthis problemandthe
previous oneis that therewe wish to find u(z) given K(z,y), but in this casewe
(loosely)wishto find K (x, y), given(a suitablyrestrictedrangeof) u(z).

1.4 The ‘control problem’

Thisislikethesynthesigproblemin its aims,but mathematicallyik etheinterpretation
problemin thatwe, again,wish to find u(z) giveng(z) andK (z,y). Thedifference
is in the sortof questionsve askof the solution,in termsof error behaiour andthe
like.
As anexampleof this, considerthe (simplified) heatconductiorequation,

oT  8°T

ot 922’
in appropriateunits. By fourier-analyzingthe problem,we canfind (seeCraig and
Brown, pp 22—3)that

o} — "2
760 == [ TG0en-ETa

agaussiarcorvolution. We cansolve thisto obtaintheinitial temperaturdistribution
T'(z,0) which producesrequireddistribution T'(z, t) attime .

2 Background and reading

Youmightlik e to refreshyourmemoryof linearalgebra Althoughthelectureswill be
concernedvith numericalmethodf solution,| won’t begettinginvolvedin detailed
numericexamples However, if you'refollowing theNumericalMethodscoursethere
will bealittle cross-wer.

2.1 Further reading

Thoughthereis an active researcHiteratureon inverseproblems thereis a lack of
accessibldooks. Thefirst two | mentionarebothon shortloanin the GUL.

| 3D CraigandJ C Brown, InverseProblemsn Astronomy AdamHilger (1986).
This book is accessibleand, asthe title suggestsstrongly focusedon astronomical
applications.

V B Glaslo, InverseProblemsof MathematicalPhysics AmericanInstitute of
PhysicsTranslationSeries(1986). This is muchmore mathematicallyabstracthan
CraigandBrown — it containsusefulinsights,but definitely countsassupplementary
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W H Presset al., NumericalRecipesin C, 2nd edition. CambridgeUniversity
Presq1992). NumericalRecipesconcentratesn numericalalgorithms but includes
lucid andpractical thoughnot detailedjntroductiongoinverseproblemtheory There
arealsoeditionsin FortranandFortran90theseconceditioncorrectserrorsin thefirst.
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