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At this point we take a holiday from the physics, in favour of mathematical preliminar-
ies. This part is concerned with carefully defining vectors, tensors and functions, and
showing how they are linked with the notion of coordinate systems. This will take us
to the point where, in the next part, we can talk about doing calculus with these objects.

Aims You should

1. understand the links and distinctions between the conceptswof space, ten-
sor, vector, one-form andfunction;

2. be able to use the component-based notation for vectors, one-forms and tensors.

Objectives  You should be able to demonstrate that you can
1. quote the definition of &) tensor;

2. identify the rank (thatig,)) of a tensor (or vector or one-form) from expressions
such ad (P, G; -) for the partially-contracted tensor, or expressions sudH Bs
for its components;

3. perform calculations using component notation and the einstein summation con-
vention; for example...

4. correctly use a given transformation mat#ix; or Al ;7 to transform components
from one basis to another.
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GR |, part 2 — Vectors, tensors and functions

1 Linear algebra

See Schutz, appendix A.
The material in this section will probably be, if not familiar, at least recognisable

to you, though possibly with new notation.

linearity Here, and elsewhere in this course, the idedmghirity is of crucial importance;
it is a very simple idea, however. Consider a function (or operator or other obfject)
objectsx andy in the domain off, and numberda, b} € R: if f(ax + by) =
af(x) + bf(y), then the functionf is linear. Thus the functionf = ax + bis linear
inx, but f = ax?> + band f = sinx are not; matrix multiplication is linear in the
(matrix) arguments, but the rotation of a solid sphere (say) is not linear in the Euler
angles.

1.1 Vector spaces

vector space A set of objectsV is called avector space if it satisfies the following axioms (for
A, B €V anda € R):

1. Closure: ifA,Be VthenA+ B=B+ Ae V.
2. ldentity: there exists an element0V, such thatA + 0 = A.

3. Inverse: for allA € V, there exists an elemel® < V such thatA+ B = 0
(incidentally, these first three properties together meanMthatclassified as an
abelian group).

4. Multiplication by reals: for ala and allA,aA e V and 1A = A
5. Distributive:a(A+ B) = aA+ aB.

The obvious example of a vector space is the set of vectors that you learned about
See example 2.1 in school, but cruciallyanything which satisfies these axioms is also a vector space.
linearly independent VectorsAy, ..., An arelinearly independent (L1) if ag A1+axA2+---+a,An =0
dimension impliesa; = 0, Vi. Thedimension of a vector spaceis the largest number of LI vectors
span which can be found. A set afLI vectorsA; in ann-dimensional space is said 4pan
basis the space, and is termedbasis for the space. Then is it a theorem that, for every
vectorB € V, there exists a set of numbdts} such thaB = > bj A;; these numbers
components {b;} are thecomponents of the vectorB with respect to the basi#; }.
inner product One can (but need not) define mmer product on a vector space; the inner product
between two vectoré\ and B is written A - B (yes, the dot-product that you know
about is indeed an example of an inner product). This is a symmetric, linear, operator
which maps pairs of vectors to the real line. That isAi) B = B - A, and (ii)
orthogonal (aA+bB)-C =aA-C+bB-C. Two vectors AandB, areorthogonal if A-B = 0.
positive-definite An inner-product ipositive-definite if A- A > 0for all A # 0, or indefinite otherwise.
norm Thenorm of a vectorAis|A| = |A- A|/2. A set of vectorge } such thag - e = §jj
(that is, all orthogonal and with unit norm) is an orthonormal basis. The syéybis|
Kronecker delta symbol the Kronecker delta symbol, defined as

s o1 ifi=]
"7 1o otherwise

(below, we will use variants of this symbol with indexes raised or lowered — they mean
the same). Itis a theorem that,{lj} are the components of an arbitrary vecBm
See example 2.2 this basis, thely, = B - g.
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GR |, part 2 — Vectors, tensors and functions

1.2 Matrix algebra

An m x n matrix A is an object which can can be represented by a seteafents

denotedAj, via
Ain A - An
Aox A - Ap
A= . . .
Aml Am2 T Amn

You know how to define addition of twm x n matrices, and multiplication of a matrix
by a scalar, so the set of x n matrices is another example of a vector space. You also
know how to define matrix multiplication: a vector space with multiplication defined
is analgebra, so what we are now discussing is matrix algebra.

A square matrix (that isp x n) may have an inverse, writteA=1, such that
AA-1 = A=1A = 1 (one can define left- and right-inverses of non-square matrices,
but they will not concern us). The unit matrixhas elements;. You can define the
determinant andtrace of a square matrix.

Make sure that you are in fact familiar with the matrix concepts in this section.

2 Tensors, vectors and one-forms

Most of the rest of this course is going to be talking about tensors one way or another,
so we had better grow to love them now. See Schutz, chapter 3.

We are going to introduce tensors in a rather abstract way here; this is because, to
me, this emphasises that they are in fact rather simple objects. They will become more
specific when we introduce tensor components shortly, and in the rest of the course we
will use these components extensively, but introducing tensor components first of all
can hide the geometrical primitiveness of tensors.

2.1 Definition of tensors

ForeachM,N =0, 1,2, ..., the set of}}) tensors is a set which obeys the axioms of

a vector space in Se.l. Specifically, we refer t§) @ensor as aector and write vector
itas A, and a() tensor as ane-form, written A. A (9) tensor is just a function which one-form
mapsRk — R. The clash with the terminology of S€ct.]L.1 is unfortunate (becatise

of these objects are ‘vectors’ in the terminology of that section), but from now on when

we refer to a vector space, we are referring to $eqt. 1.1, and when we refer to vectors,
we are referring specifically t@) tensors.

For the moment, you can perfectly correctly think of vectors as exactly the type
of vectors you are used to — a direction in space. In part 3, we will introduce a new
definition of vectors which is of crucial importance in our development of general
relativity.

Definition: A (¥) tensor is afunction, linear in each argument, which takés tensor
one-forms andN vectors as arguments, and maps them to a real number.

Because we said, above, that@n tensor was an element of a vector space, we know
that if we add twa(¥) tensors, or if we multiply an)) tensor by a scalar, then we get
another(})) tensor. This definition does seem very abstract, but most of the properties
we are about to deduce follow directly from it.

For example, we can write th@) tensorT as

TER,
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GR |, part 2 — Vectors, tensors and functions

to emphasise that it has two ‘slots’ for one-forms and one ‘slot’ for a vector. When we
insert one-form$y andg, and vectorA, we getT(P, §; A) which, by our definition of
a tensor, we see must be a pure numbeR.in

Note firstly that there is nothing in the definition of a tensor which states that the
arguments are interchangeable, thus, in the case®ftansorUc, ), U(A, B) #
U(B, A) in general: ifU(A, B) = U(B, A) in fact, thenU is said to besymmetric,
and ifU(A, B) = —U(B, A) it is antisymmetric.

Note also, that if we insert only some of the arguments into the ténsor

T(57TJ; T)7

then we obtain an object which can take a single one-form and a single vector, and map
them into a number; in other words, we havg)aensor.

Note finally, that although we said that a vector was just the thing that you are
used to thinking of as a vector, since a vector is ‘reallybaensor, it’s ‘really’ just
a function which can map a one-form into a number; similarly, a one-form,@s a
tensor, is just a thing which can map a vector into a number. This function is such that,
for arbitrary vectorA and one-formp,

A(P) = p(A) = (P, A, (2.1)

where the notatior, -) emphasises the symmetry of this operation. .
contraction This combination of the two objects is known as tlatraction of p with A.

2.2 Examples of tensors

This description of tensors is very abstract, so we need some examples fairly promptly.
The most immediate example of a vector is the column vector you are familiar
with, and the one forms which correspond to it are simply row-vectors.

. L (A ~ A
P=(pp2). A= <A;>, (P, A) = (p1, p2) (A;) = 1AL+ P2A2.

Here we see the one-forfiiand vectorA contracting to form a number. Or we can
seep as areal-valued function over vectors, mapping them to numbers, and simijarly
a real-valued function over one-forms.

How about tensors of higher rank? Easy: a square matrix

T— (all alz>
a1 az
is a function which takes one one-form and one vector, and maps them to a number,
which it to say it is a?) tensor. If we supply only one of the arguments, tohAt we
get an object which has a single one-form argument, which is to say, another vector.
Can we form tensors of other ranks? Yes, though with a little more difficulty. If

we have vector¥ andW, then we can form &) objectV ® W, whose value on the
one-formsp andq is

V@ W)(P, §) = V(P) x W@).

outer product This objectV ® W is known as theuter product (or sometimes the direct product or
tensor product); see Schutz, section 3.4. For example the object

(%)e()

is a(3) object whose value on the two one-forfiandd is (p1 A1+ p2A2) x (q1B1 +

02B2). In a similar way, we can use the outer product to form objects of other ranks
from suitable combinations of vectors and one-forms. Note, however, that not all
tensors are necessarily outer products, though all tensors can be represented as a sum
of outer products.
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GR |, part 2 — Vectors, tensors and functions

2.3 Fields

We will often want to refer to deld of objects. A field is just a function, in the sense field
that it maps one space to another, but we use the term ‘field’ when the domain is a

physical space, or spacetime. That is, a field is a rule which associates a number, or

some higher-rank tensor, with each point in space, or in spacetime. Air-pressure is an

example of a scalar field (each point in 3-d space has a number associated with it),

and the electric potential is a vector field (associating a vector with each point in 3-d

space).

2.4 Visualisation of vectors and one-forms

We visualise vectors straightforwardly as arrows, having both a magnitude and a di-
rection. In order to combine one vector with another, however, we need to add further
rules, defining something like the dot product and thus — as we will soon learn —
introducing concepts such as the metric.

How do we visualise one-forms in such a way that we distinguish them from vectors,
and in such a way that we can visualise (metric-free) operations such as the contraction
of a vector and a one-form.

The most common way is to visualise a one-form as a set of planes in the appropriate
space. Such a structure picks out a direction — the direction perpendicular to the planes
— and a magnitude which increases as the separation between the qilareses.

The contraction between a vector and a one-form thus visualised is the number of the
one-form planes which the vector crosses.

In Fig[1, we see two different vectors and one one-fopim,Although the two
vectors are of different lengths (though we don’t ‘know’ this yet, since we haven't yet
talked about a metric and thus have no notion of ‘length’), their contraction with the
one-form is the same, 2. Figure 1

You are already familiar with this picture, since you are familiar with the notion of
contours on a map. These show the gradient of the surface they are mapping, with the
property that the closer the coutours are together, the larger is the gradient. The three
vectors shown in Fi§]2, which might be different paths up the hillside, have the same
contraction — the path climbs three units — even though the three vectors have rather
different lengths. When we look at the contours, we are seeing a onefitddnwith
the one-form having different values, both magnitude and direction, at different points
in the space.

We will see below that the natural defintion of the gradient of a function does indeed
turn out to be a one-form.

2.5 Components

We said, above, that the set ¢f) tensors formed a vector space. Specifically, that
includes the sets of vectors and one-forms. From Sett. 1.1, this means that we can
find a set ofn basis vectors {&} and basis one-formgy'} (this is supposing that thebasis vectors
domains of the arguments to our tensors all have the same dimensiomattiis is
not a fundamental property of tensors, but itis true in all the use we make of them, and
so this avoids unnecessary complication). Note that we have written the basis vectors
with lowered indexes and the basis one-forms with raised ones; this is related to the
Einstein summation convention described below.
Armed with a set of basis vectors and one-forms, we can write a véctmd
one-formp in components as

A=ZAié; §=Zpi5i-
I I

Crucially, these components aret intrinsic to the geometrical objects whighandp
represent, but instead depend on the vector or one-form basis which we delect.

Figure 2
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dual basis

absolutely vital that you fully appreciate that if you change the basis, you change the
components of a vector or one-form (or any tensor) with respect to that basthe
underlying geometrical object or P (or T), does not change. Thought this remark
seems obvious now, dealing with it in general is what much of the complication of
differential geometry is all about.

Note the (purely conventional) positions of the indexes for these basis vectors and
one-forms, and for the components: the components of vectors have raised indexes,
and the components of one-forms have lowered indexes. This convention allows us to
define an extremely useful notational shortcut, which allows us in turn to avoid writing
hundreds of summation signs:

Einstein summation convention: ~whenever we see an index repeated in an
expression, once raised and once lowered, we are to understand a summation
over that index.

Thus:
Aié EZAié; p@‘EZp@‘.
i i

We have illustrated this for components and vectors here, but it will apply quite gen-
erally below.
Rules for working with components:

1. In any expression, there must be at most two of each index, one raised and one
lowered. If you have more than two, or have both raised or lowered, you've
made a mistake. Any indexes ‘left over’ after this contraction tell you the rank
of the object which this is the component of.

2. The componentare just numbers, and so, as you learned in primary school, it
doesn’t matter what order you multiply them in (don’t swap them past differential
signs, though!).

3. The indexes are arbitrary — you can always replace an index letter with another
one, as long as you do it consistently. ThatgsA' = Al pj, andpiq; T" =
pjq T!' (or any other ordering).

What happens if we applig, say, to one of the basis vectors? We have
PE) = pid@ &). (2.2)

In principle, we know nothing about thexmber &' (&), since we are at liberty to make
completely independent choices of the vector and one-form bases. However, we can
save ourselves ridiculous amounts of trouble by making a wise choice, and we will
always choose one-form bases to have the property

1 ifi=j

2.3a
0 otherwise ( )

(&.6) =@ =0 = {
g @) =4 (2.3b)

A one-form basis with this property is said to &l to the vector basis. Returning to
Eq.(2.2), therefore, we find

p@E) = pa' (&) = pis'; = p;. (2.9)

Thus in the one-form basis which is dual to the vector bgsis the arbitrary one-
form p has componentp; = p(gj). _
Similarly, we can apply the vectdk to the one-form basi&s' }, and obtain

A@hH = Algj@) = Als;' = A
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In exactly the same way, we can apply the teristo the basis vectors and one-forms,
and obtain

T@, & a) =T

The set ofn x n x n numbers {T' \} are thecomponents of the tensofT in the basis

{&) and its dual{@!}. Below, we will often denote the vectdk by simply writing

* A", denotep by ‘ pi’, and the(?) tensofT by ‘T'l’. Because of the index convention,

we will always know what sort of object we are referring to by whether the index is

raised or lowered: (the components of) vectors always have their indexes raised, and

(the components of) one-forms always have their indexes lowered. See example 2.3
We can, obviously, find the components of the basis vectors and one-forms by

exactly this method, and find

& — (1,0,...,0)

& —(0,1,...,0
(2.5)

& — (0,0,...,1)
where the numbers on the right-hand-side are the components in the vector basis, and

ol - (1,0,...,0

& — (0,1,...,0)
(2.6)

" - (0,0,...,1)

where the components are in the one-form basis. Make sure you understand why this
is ‘obvious’. )
So what is the value of the expressip@A) in components? By linearity,

PA) = pid (Ag) = pAlG' (&) = pAlS'j = piA.

This is thecontraction of P with A. Note particularly that, sinc@ and A are basis-
independent, geometrical objects — or quite separately, §ioagis a pure number —
the number pj A' is basis-independent also, even though the numpeand A' are
separately basis-dependent.

Similarly, contracting the?) tensorT with one-formsp, § and vectorA, we obtain
the number

TR, T A = pigj AT

If we contract it instead with just the one-forms, we obtain the of3jépt G; -), which
is a one-form (since it maps a single vector to a number), which has components

TR, k= pia; T,

and the solitary unmatched lower indkyon the right-hand-side indicates (or rather
confirms) that this object is a one-form.

2.6 The metric tensor

One thing we do not have yet is any notion of distance, but we can supply that very

easily, by picking a symmetri¢) tensorg, and calling that thenetric tensor. metric tensor
This definition allows us to define a ‘distance between’ two vectb, B), as

simply d(A, B) = g(A, B), and a ‘length-squared’ of a vectdtA, A). This notion

is hugely important to us when we study GR, and we will return to it in due course.
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We can, if we wish, define the inner product on the set of vectors, using the metric, as
simply A- B = g(A, B).

We can find the components of the metric tensor in the same way we can find the
components of any tensor above:

g9(&,€&j) = gij- (2.7)

As well as giving us a notion of distance, the metric tensor allows us to define a
mapping between vectors and one-forms. Since it gensor, it is a thing which
takes two vectors and turns them into a number. If we only supply a single veetor
the metric, we have a thing which takes one further vector and turns it into a number;
but this is just a one-form, which we will write e

A=g(A ) =g A).

That is, for any v~ectO|A, we have found a way of picking out a single associated
one-form, writtenA. What are the components of this one-form? Easy:

A =A®)=09E.A (2.8a)
=g@&, Alg) (2.8b)
= Alg@&. &) (2.8¢)
— gij Al (2.8d)

See example 2.4 from Eq.[2.]7) above. That is, the metric tensor can also be regarded asdan °
index lowering lowering’ operator.

Can we do this trick in the other direction, definingZatensor which takes two
one-forms as arguments and turns them into a number? Yes we can, and the natural
way to do it is via the tensor’'s components.

The set of numberg;; is, at one level, just a matrix. Thus if it is non-singular (and
we will always assume that the metric is non-singular), this matrix has an inverse, and
we can take the components of the tensor we're lookinggfbrio be the components
of this inverse. That means nothing other than

gl gjk = &'k, (2.9)

and this defines the components of the tensor we're looking for. We will refer to the
tensors corresponding ', g'; andg;; indiscriminately as ‘the metric’. Note that,
since the effect of E@.Q) is simply to lower one index of the fitst by Eq. ),

it is always true that

gj=4
What happens if we apply'! to the one-form components; ?

gl Aj = glgjkA =5 Ak = AT (2.10)

See example 2.5 so that the metric can raise components as well as lower them.

There is nothing in the above discussion that says that the tgrisas the same
value at each point in spacetime. In genegas a tensor field, and the different values
of the metric at different points in spacetime are associated with the curvature of that
spacetime.

2.7 Changing basis

The last very general set of properties we must discover about tensors is what happens
when you change your mind about the sets of basis vectors and one-forms (you can't
change your mind about just one of them, if they are to remain dual to each other).
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We (now) know that if we have a set of basis vectf®g, then we can find the
components of an arbitrary vectdrto be A' = A(@'), where the(@'} are the set of
basis one-forms which are dual to the vect@&s.

But there is nothing special about this basis, and we could equally well have chosen
a completely different sg€;} with dual{@’} (note that we distinguish the vectors by
putting a bar on the indekrather than the base symhmt this does look odd, | know,
but it ends up being notationally tidier). With respect to this basissihe vector A
can be written

A= Ag,
where, of course, the components are the set of numbers
A = A@.

Since both these sets of components represeniathe underlying objectA, we
naturally expect that they are related to each other, and it is easy to write down that
relation. From before

A =A@
= Algj@")
—ALA, (2.1)
where we have written theansformation matrix A as transformation matrix
A =& @) = @). (2.12)

Note thatA is a matrix, not a tensor — there’s no underlying geometrical object, and
we have consequently not staggered its indexes. Exactly analogously, the components
of a one-formp transform as

pi = Alpy, (2.13)
where the transformation matrix is
Al =3l@). (2.14)
Since the vectoA is the same in both coordinate systems, we must have
A=Ag =Ag
= ALEFATg, (2.15)

WhereEll‘ are the components of vectérin the basigé}. We can thus see that the
matrix E must be the inverse of: A EF = 6.
Moving on, the components of og) tensorT transform as

T = AJAARTY (2.16)

_ See example 2.6
Let us now look at the contractidil (&) in two coordinate systems:

ﬂ:@@p:&ﬂﬁ@ﬂ:&@, (2.17)
using Eqns.[(2.3a)] (2.12) ar[d (2.14), or more specifically the results of example 2.7.
That is the matricea- andA' are inverses of each other.

Here, it has been convenient to introduce basis transformations by focusing on the
transformation of theoordinates of vectors and one-forms, in Eff.(Z]11). We could
alternatively introduce them by focusing on the transformation of the basis vectors
and one-forms themselves, and this is the approach used in the discussion of basis
transformations in Se.4 of part 3. Looking again at2.15), we can idéntify
with the inverse matrix\}, and thus deduce the basis vector transformation to be

&=Als. (2.18)

See example 2.7
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cartesian space
euclidean space space. The first is the system of rectilinear coordinates you learned about in school,

3 Examples of bases and transformations

So far, so abstract. By now, we drsg overdue for some illustrations.

3.1 Flat cartesian space

Consider the natural vectors on the euclidean plane — that is, the vectors you learned
aboutin school. The obvious thing to do is to pick our basis to be the unit vectors along
thex andy axes:& = & andé& = &. That means thatthe vectér say, which points

from the origin to a point two units along and one up, can be writteh as2é; + 16,

or to have componenta! = 2, A = 1. We have chosen these basis vectors to be the
usual orthonormal ones: however, we aserequired to do this by anything in Sddt. 2,

and indeed weannot even say this at this stage, because we have not (yet) defined a
metric, and so we have no inner product, so that the ideas of ‘orthogonal’ and ‘unit’
do not yet exist.

What are the one-forms in this space? Possibly surprisingly, there is nothing in
Sect] 2 which tells us what they are, so that we can pick anything we like as a one-form
in the euclidean plane, as long as that one-form-thing obeys the axioms of a vector
space (Sedt.7.1), and as long as whatever rule we devise for contracting vectors and
one-form-things conforms to the constraint of £9.(2.1).

For one-forms, then, we’'ll choose sets of planes all parallel to each other, with
the property that if we ‘double’ a one-form, then the spacing between the planes
halves (a picture helps here!). For our contraction rile), we’ll choose: “the
number(’ﬁ, A) is the number of planes of the one-fofirwhich the vectorA passes
through”. If the duality property Ea) is to hold, then this fixes the ‘planestof
to be lines perpendicular to theaxis, one unit apart, and the planesa to be
similarly perpendicular to thg-axis. _

For our metric, we can choose simgy = ¢/ =¢'j = 8;. This means that the

length-squared of the vectdr = 26, + 1& is

g(A A) =gij A Al = ALAL + A2A% = (2% + (1)2 =5,
which corresponds to our familiar value for this, from Pythagoras’ theorem.

The other interesting thing about this metric is that, when we use it to lower the
indexes of an arbitrary vectok, we find thatA; = g; i Al = Al. In other words,
for this metric (the natural one for this flat space, with orthonormal basis vectors)
one-forms and vectors have thgne components, so that we cannot any longer really
tell the difference between them, and have to work hard to think of them as being
separate This is why you have never had to deal with one-forms before, because the
distinction between the two things in the space of our normal (mathematical) experience
is invisible.

Note that in this section we have distinguishestesian space from a euclidean

and the second is the flat space of our normal experience. Here, we have been talking
about euclidean space described by cartesian coordinates. In the next section we will
also discuss euclidean space, but not in cartesian coordinates, and in the following
section on Minkowski space we use cartesian coordinates to describe a non-euclidean
space, which does not have the same metric as the two previous examples.

3.2 Polar coordinates

An alternative way of devising vectors for the Euclidean plane is to use polar coordi-
nates. Itis convenient to introduce these using the transformation equatipn Efg. (2.11).
The radial and tangential basis vectors are

6 = & = C0sH & + sinf & (2.19a)
& =& = —rsinf & +r cost &, (2.19b)
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whereé; = & and& = &y as before. Note that these basis vectors vary over the
plane, and that although they are orthogonal (though we ‘don’t know that yet’ since
we haven't defined a metric), they are not orthonormal. Thus we can write

& =6& =Ale + AZe

& =8 = Azel + Azez,

and so
) AL Al _rsi
Al — ;%)= cosy  —rsing )
J A% A< sind  r cosH
1 72
From Eq.[(2.17) therefore,

AT — cosp sinf
J 7\ —sing/r cosf/r )°
We therefore know how to transform the components of vectors and one-forms between
cartesian and plane polar coordinates. What does the metric tegigsos (5ij in

cartesian coordinates, remember) look like in these new coordinates? The components
are just

grj—AA +Gij »

and writing these components out in full, we find

O = ( (1) r% ) (2.20)

We see that, even though coordinafgsy) and (r, ) are describing theame flat

space, the metric looks a little more complicated in the polar-coordinate coordinate

system than it does in the plain cartesian one, and looking at this ‘cold’, we would have

difficulty identifying the space described by Hq. (3.20) as flat Euclidean space. See example 2.8
We will see a lot more of this in the parts to come.

3.3 Minkowski space: vectors in special relativity

The final very important example of the ideas of this part is the space of Special
Relativity: Minkowski space. See Schutz, ch.2, though he comes at the transformatitinkowski space
matrix A from a slightly different angle.
Here there are four dimensions rather than two, and a basis for the space is formed
from & = & andé; >3 = &,y ;. Asis conventional, we will now use greek indices
for the vectors and one-forms, with the understanding that greek indices run over
{0, 1, 2, 3}. The metric on this space, in these coordinates, is

O = N = diag-1,1,1,1) (2.21)

(note that this convention for the metric is the same as Schutz).

Vectors in this space ak = A*g,, and we can use the metric to lower the indexes
and form the components in the dual space (which we define in a similar way to the way
we defined the dual space in 8-3 1). Thus the contraction between a onA-form
and vectorB is just

(A, B)= A,B* = AgB® + A1 B! + A;B? + A3B3
=7, A*B” = —A°BC + AlB! + A%B? 4 A®BS,
This last expression should be very familiar to you, since it is exactly the definition of

the norm of two vectors which was so fundamental, and which seemed so peculiar, in
special relativity.
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We can define transformations from these Minkowski-space coordinates to new
ones in the same space, by specifying the elements of a transformation matrix
(cf. Schutz §2.2). We can do this however we like, but there is a subset of these
transformations which are particularly useful, since they result in the metric in the new
coordinates having theame form as the metric in the old one, namay; = n;s.

One of the simplest sets of such transformation matrices (parameterised by<01)
is

y —vy 0 O
i _ —vy y 00
0 0 0 1

See example 2.9 wherey = 1/4/1 — v2. Again, this should be rather familiar.

Examples

Some of the examples below are taken from the earlier presentations of this course
by Martin Hendry; these are noted by “(MAH)” and the example sheet where they
occurred. Exercises 1-7 of Schutz’s chapter 3 are also useful.

Example 2.1 (section 1.1)

Demonstrate that the set of ‘ordinary vectors’ does indeed satisfy these axioms. Demon-
strate that the set of all functions also satisfies them and is thus a vector space. Demon-
strate that the subset of functiofescosbx, asinbx : a, b € R} is a vector space. Can

you think of other examples?

Example 2.2 (section 1.1)

Prove that if{bj} are the components of an arbitrary vec®rwith respect to an
orthonormal basi¢g }, thenb; = B - g.

Example 2.3 (section 2.5)

Tensor componenta’! andB'! are equal in one coordinate frame. By considering the
transformation law for &, 0) tensor (introduced later in this part, in Sgct]2.7), show
that they must be equal in any coordinate trame. Show that ifs symmetric in one
coordinate frame, it is symmetric in any frame. (MAH, 3.2)

Example 2.4 (section 2.6)
Justify each of the steps in EQ.(2.8a).

Example 2.5 (section 2.6)

(a) Given thatT is a (}) tensor,A and B are vectorsy is a one-form, angj is the
metric, give the(M) rank of each of the following objects, where as usuajpresents
an unfilled argument to the functidn(not all the following are valid; if not, say why):

LAG) 2.9 B.TCL)  ATELY)
5T(P,A° 6.TCAYH 7.TC-B) 8.TC A B)
9.T(P, A, B) 10.A() 11. p()H

(b) State which of the following are valid expressions representing the components
of a tensor. For each of the expressions which is a tensor, stat¥tlgpe of the
tensor; and for each expression which is not, explain why not.
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1. gii 2.9jTha 3.gkTlu 4. T
5.A ;6. A 7.gjAAl 8. gjj AKAK

What aboutA' = A(@')? [Objective 2; based on Class Test, 2002]

Example 2.6 (section 2.7)

By repeating the logic which led to Ef|.(2]11), prove Eq.(R.13) and Eq](2.16). Alter-
natively, and more directly, use the results of exarpplg 2.7. [Objggtive 3]

Example 2.7 (section 2.7)

Make a table showing all the transformatiogs<> &, A < A, &' < &' and

pi < pr, patterned after EJ. (Z.]L1) and SECi] 1.4. You will need to use the fact that the
A matrices are inverses of each other, and that Alg = A’&. Thisis a repetitive,

but extremely valuable exercise. [Objectiyé 3, Objectie 4]

Example 2.8 (section 3.2)

Consider the vectoh = 18 +16&. Using Eq.) and the appropriate transformation
matrix for polar coordinates, determine the components of this vector in the polar basis,
at the pointgr, 0) = (1, 7/4), (1,0), (2, 7/4) and (2, 0)? Use the metric for these
coordinates, EO) to find the length Afat each of these points. What happens
at the origin? [Objectivg]3, Objectiy¢ 4]

Example 2.9 (section 3.3)

The metric in the new coordinatesrjg; = AgAgnW. Confirm thatyz; = nu..
What is the inverse/,\f{ of Eq.(2.22)? Use it to write down the components of the

metric tensor Eqf (2.21) after transformation by thisand verify thaigz; = 7.
Consider the transformation matrix

b 00
AP =

m

@

coo o
coo
or o
~ o O

whichis the simplest transformation which ‘mixes’ theandt-coordinates. Byequir-
ing thatg;s = n;p after transformation by thid., find constraints on the parameters
a, b, ¢, d (you can freely add the constraint= c; why?), and so deduce the matrix

Eq.(2.22). [Objectivg]3, ObjectiVe 4]

Copyright 2002—2005, Norman Gray. These notes are made available under a Creative Commons
Licence (specifically the Attribution-NonCommercial-NoDerivs licence). The summary and
full text of the licence are available Attp://creativecommons.org/licenses/

by-nc-nd/2.5/ . The home URL of these notes|mtp://purl.org/nxg/text/

general-relativity
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