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At this point we take a holiday from the physics, in favour of mathematical preliminaries. This
part is concerned with carefully defining vectors, tensors and functions, and showing how the
are linked with the notion of coordinate systems. This will take us to the point where, in the
next part, we can talk about doing calculus with these objects.

Aims You should

1. understand the links and distinctions between the conceptscafr space, tensor,

vector, one-form andfunction;
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2. be able to use the component-based notation for vectors, one-forms and tensors.

Objectives  You should be able to demonstrate that you can
1. quote the definition of &) tensor;

2. identify the rank (that is(}))) of a tensor (or vector or one-form) from expressions
such asT (P, §; -) for the partially-contracted tensor, or expressions sudh hgsfor its
components;

3. perform calculations using component notation and the einstein summation conventior
for example...

4. correctly use a given transformation matm_(j or Al ; to transform components from
one basis to another.
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1 Linear algebra

See Schutz, appendix A.

The material in this section will probably be, if not familiar, at least recognisable to you,
though possibly with new notation.

Here, and elsewhere in this course, the ide&mfarity is of crucial importance; it is a
very simple idea, however. Consider a function (or operator or other objeaibjectsx
andy in the domain off, and numberga, b} € R: if f(ax + by) = af(x) + bf(y), then
the functionf is linear. Thus the functionf = ax + b is linear inx, but f = ax? + b and
f = sinx are not; matrix multiplication is linear in the (matrix) arguments, but the rotation
of a solid sphere (say) is not linear in the Euler angles.



GR I, part 2 — Vectors, tensors and functions 1.1 — Vector spaces

1.1 Vector spaces

A set of objectsV is called avector space if it satisfies the following axioms (foA, B € V  vect
anda € R):

1. Closure: ifA,Be VthenA+ B=B+ Aec V.
2. ldentity: there exists an elementQV, such thatA + 0 = A.

3. Inverse: forallA € V, there exists an elemeBte V such thatA+ B = 0 (incidentally,
these first three properties together mean thé classified as aabelian group).

4. Multiplication by reals: for ala and allA,aA€ V and 1A = A
5. Distributive:a(A+ B) = aA+ aB.

The obvious example of a vector space is the set of vectors that you learned about i
school, but cruciallyanything which satisfies these axioms is also a vector space. Ex.2

VectorsAy, ..., Ay arelinearly independent (LI) if ag A1+axAx+---+anAn = Oimplies  linez
a; = 0, Vi. Thedimension of a vector spaca is the largest number of LI vectors which campen
be found. A set of LI vectors A; in ann-dimensional space is said ¢pan the space, and is dime
termed abasis for the space. Then is it a theorem that, for every veBtar V, there exists spar
a set of numbergh; } such thatB = " b; Aj; these numbergy; } are thecomponents of the basi
vector B with respect to the bas{#\ }. com

One can (but need not) defineiner product on a vector space; the inner product betweédme
two vectorsA andB is written A - B (yes, the dot-product that you know about is indeed an
example of an inner product). This is a symmetric, linear, operator which maps pairs of
vectors to the real line. Thatis (- B = B- A, and (i)(aA+bB)-C =aA-C+bB-C.
Two vectors,A and B, areorthogonal if A- B = 0. An inner-product ipositive-definite if  orthe
A. A > 0forall A #0, or indefinite otherwise. Theorm of a vectorAis |A| = |A- A|Y2.  posi

defir
norn
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A set of vectorqg } such thak - ej = §jj (that is, all orthogonal and with unit norm) is an

orthonormal basis. The symb§| is the Kronecker delta symbol, defined as
Kror

5o |1 =] sym
Y7 1o otherwise

(below, we will use variants of this symbol with indexes raised or lowered — they mean the

same). Itis a theorem that, {i; } are the components of an arbitrary vecBm this basis,

thenbj = B - g.
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1.2 Matrix algebra

An mx n matrixA is an object which can can be represented by a sétofents denotedAj
via

Air A - An

Ay A - A
A= . . .

Aml Am2 e Amn

You know how to define addition of twmm x n matrices, and multiplication of a matrix by a
scalar, so the set ofi x n matrices is another example of a vector space. You also know how
to define matrix multiplication: a vector space with multiplication defined ialgebra, so
what we are now discussing is matrix algebra.

A square matrix (that isp x n) may have an inverse, writteh—!, such thatAA=! =
A~1A = 1 (one can define left- and right-inverses of non-square matrices, but they will not
concern us). The unit matrikhas elements; . You can define thdeterminant andtrace of
a square matrix.

Make sure that you are in fact familiar with the matrix concepts in this section.
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2 Tensors, vectors and one-forms

Most of the rest of this course is going to be talking about tensors one way or another, so w
had better grow to love them now. See Schutz, chapter 3.

We are going to introduce tensors in a rather abstract way here; this is because, to m
this emphasises that they are in fact rather simple objects. They will become more specifi
when we introduce tensor components shortly, and in the rest of the course we will use thes
components extensively, butintroducing tensor components first of all can hide the geometric:
primitiveness of tensors.
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2.1 Definition of tensors

ForeachM, N =0, 1, 2, ..., the set of}}) tensors is a set which obeys the axioms of a vector
space in Se. .11, Specmcally, we refer tgyatensor as aector and write it asA, and &)  vect
tensor as ane-form, written A. A () tensor is just a function which mafgs— R. The clash one-
with the terminology of Sedt. 1].1 is unfortunate (becasi$®f these objects are ‘vectors’ in
the terminology of that section), but from now on when we refer to a vector space, we are
referring to Sec 1, and when we refer to vectors, we are referring specificgjjye¢asors.

For the moment, you can perfectly correctly think of vectors as exactly the type of vectors
you are used to — a direction in space. In part 3, we will introduce a new definition of vectors
which is of crucial importance in our development of general relativity.

Definition: A (M) tensor is a function, linear in each argument, which takds tens
one-forms andN vectors as arguments, and maps them to a real number.

Because we said, above, that@ tensor was an element of a vector space, we know that
if we add two(})) tensors, or if we multiply an¥) tensor by a scalar, then we get another
(M) tensor. This definition does seem very abstract, but most of the properties we are about
deduce follow directly from it.

For example, we can write th@) tensorT as

TS0,

to emphasise that it has two ‘slots’ for one-forms and one ‘slot’ for a vector. When we insert
one-formsp andd, and vectorA, we getT (P, §; A) which, by our definition of a tensor, we
see must be a pure numberRn

Note firstly that there is nothing in the definition of a tensor which states that the argument:
are interchangeable, thus, in the case ¢ @ensorUc, 7, U(A, B) # U(B A)in general:
if UCA, B) = U(B, A) in fact, thenU is said to besymmetric, and ifU(A, B) = —U(B, A)
it is antisymmetric.
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Note also, that if we insert only some of the arguments into the ténsor
T(CNI)’F.V; T 9

then we obtain an object which can take a single one-form and a single vector, and map the
into a number; in other words, we haveiatensor.

Note finally, that although we said that a vector was just the thing that you are used tc
thinking of as a vector, since a vector is ‘really{}a tensor, it's ‘really’ just a function which
can map a one-form into a number; similarly, a one-form, &9 @ensor, is just a thing
which can map a vector into a number. This function is such that, for arbitrary vaciod
one-formp,

AP =pA) =(p. A, 2.1)

where the notatioit, -) emphasises the symmetry of this operation. )
This combination of the two objects is known as tlatraction of P with A. |
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2.2 Examples of tensors

This description of tensors is very abstract, so we need some examples fairly promptly.
The most immediate example of a vector is the column vector you are familiar with, and
the one forms which correspond to it are simply row-vectors.

~ ~ A ~ = A
P=(p1, P2), A= (AD . (P A) = (P P2) <A;> = p1A1 + P2A2.

Here we see the one-forfiiand vectorA contracting to form a number. Or we can §@as
areal-valued function over vectors, mapping them to numbers, and simiaalyeal-valued
function over one-forms.

How about tensors of higher rank? Easy: a square matrix

T— (311 alz>
a1 a2
is a function which takes one one-form and one vector, and maps them to a number, which
to say it is a}) tensor. If we supply only one of the arguments, to Gét we get an object
which has a single one-form argument, which is to say, another vector.
Can we form tensors of other ranks? Yes, though with a little more difficulty. If we have

vectorsV andW, then we can form &) objectV ® W, whose value on the one-fornjs
andq is

V@ W)(P, T = V(P) x W@).

This objectV ® W is known as theuter product (or sometimes the direct product or tensasute
product); see Schutz, section 3.4. For example the object

(%)= ()
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is a(3) object whose value on the two one-forfiandq is (p1 A1 + p2A2) x (01B1+g2B2).

In a similar way, we can use the outer product to form objects of other ranks from suitable
combinations of vectors and one-forms. Note, however, that not all tensors are necessari
outer products, though all tensors can be represented as a sum of outer products.
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2.3 Fields

We will often want to refer to dield of objects. A field is just a function, in the sense that fteld
maps one space to another, but we use the term ‘field’ when the domain is a physical spac
or spacetime. That is, a field is a rule which associates a number, or some higher-rank tens
with each point in space, or in spacetime. Air-pressure is an example of a scalar field (eac
point in 3-d space has a number associated with it), and the electric potential is a vector fiel
(associating a vector with each point in 3-d space).
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2.4 Visualisation of vectors and one-forms

We visualise vectors straightforwardly as arrows, having both a magnitude and a directior
In order to combine one vector with another, however, we need to add further rules, definin
something like the dot product and thus — as we will soon learn — introducing concepts suc
as the metric.

How do we visualise one-forms in such a way that we distinguish them from vectors, anc
in such a way that we can visualise (metric-free) operations such as the contraction of a vect
and a one-form.

Figure 1

The most common way is to visualise a one-form as a set of planes in the appropriat
space. Such a structure picks out a direction — the direction perpendicular to the planes — al
a magnitude which increases as the separation between the géareses. The contraction
between a vector and a one-form thus visualised is the number of the one-form planes whic
the vector crosses.

In Fig[], we see two different vectors and one one-fopn Although the two vectors
are of different lengths (though we don’t ‘know’ this yet, since we haven't yet talked about a
metric and thus have no notion of ‘length’), their contraction with the one-form is the same, 2.

You are already familiar with this picture, since you are familiar with the notion of contours
on a map. These show the gradient of the surface they are mapping, with the property that tt
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Figure 2

closer the coutours are together, the larger is the gradient. The three vectors showj|in Fig.
which might be different paths up the hillside, have the same contraction — the path climb:
three units — even though the three vectors have rather different lengths. When we look ¢
the contours, we are seeing a one-fdfaid, with the one-form having different values, both
magnitude and direction, at different points in the space.

We will see below that the natural defintion of the gradient of a function does indeed turn
out to be a one-form.
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2.5 Components

We said, above, that the set ¢f) tensors formed a vector space. Specifically, that includes
the sets of vectors and one-forms. From $ect. 1.1, this means that we can find a batiof
vectors {§ } and basis one-formig'} (this is supposing that the domains of the arguments tob.
our tensors all have the same dimensionatityhis is not a fundamental property of tensors,
but it is true in all the use we make of them, and so this avoids unnecessary complication
Note that we have written the basis vectors with lowered indexes and the basis one-forms wil
raised ones; this is related to the Einstein summation convention described below.

Armed with a set of basis vectors and one-forms, we can write a vAaod one-forn{
in components as

A:ZAia; ﬁ=2p@‘.
| I

Crucially, these components atet intrinsic to the geometrical objects whighand p rep-
resent, but instead depend on the vector or one-form basis which we delgcibsolutely

vital that you fully appreciate that if you change the basis, you change the components of
vector or one-form (or any tensor) with respect to that basisthe underlying geometrical
object,A or P (or T), does not change. Thought this remark seems obvious now, dealing with
it in general is what much of the complication of differential geometry is all about.

Note the (purely conventional) positions of the indexes for these basis vectors and one
forms, and for the components: the components of vectors have raised indexes, and tl
components of one-forms have lowered indexes. This convention allows us to define a
extremely useful notational shortcut, which allows us in turn to avoid writing hundreds of
summation signs:

Einstein summation convention: ~wheneverwe see anindex repeated in an expression,
once raised and once lowered, we are to understand a summation over that index.
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Thus:
Aié EZAié; piaiEZpiZﬁi.
i i

We have illustrated this for components and vectors here, but it will apply quite generally
below.
Rules for working with components:

1. Inany expression, there must be at most two of each index, one raised and one lowere
If you have more than two, or have both raised or lowered, you've made a mistake. Any
indexes ‘left over’ after this contraction tell you the rank of the object which this is the
component of.

2. The componentare just numbers, and so, as you learned in primary school, it doesn’t
matter what order you multiply them in (don't swap them past differential signs,
though!).

3. The indexes are arbitrary — you can always replace an index letter with another one, ¢
long as you do it consistently. That ig,A' = Al p;, andpiq;T" = pjqT!" (orany
other ordering).

What happens if we appl§, say, to one of the basis vectors? We have
PE) = pia &). (2:2)

In principle, we know nothing about theumber &' (&), since we are at liberty to make
completely independent choices of the vector and one-form bases. However, we can sa
ourselves ridiculous amounts of trouble by making a wise choice, and we will always choost
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one-form bases to have the property

1 ifi=j

2.3a
0 otherwise ( )

(¢.6)=a @) =0 = {
g @) =4 (2.3b)

A one-form basis with this property is said todhe to the vector basis. Returning to Hq. (2.2),
therefore, we find

&) = pid (&) = pis' = pj. (2.4)

Thus in the one-form basis which is dual to the vector bggsis the arbitrary one-fornp has
componentp; = P(g;). ) _
Similarly, we can apply the vectdk to the one-form basigr' }, and obtain

A@H) = Algj@) =Als' = A

In exactly the same way, we can apply the teriBdo the basis vectors and one-forms, and
obtain

7@, 380 =T

The set of x n x n numbers {T') } are thecomponents of the tensof in the basigg } and its
dual{@’}. Below, we will often denote the vectdrby simply writing ‘A”’, denotep by ‘ p;’,

and the(®) tensorT by ‘T'l’. Because of the index convention, we will always know what
sort of object we are referring to by whether the index is raised or lowered: (the component
of) vectors always have their indexes raised, and (the components of) one-forms always ha
their indexes lowered.
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We can, obviously, find the components of the basis vectors and one-forms by exactly thi
method, and find

é—(1,0,...,0
&—(0,1,...,0

(2.5)
& — (0,0,...,1)
where the numbers on the right-hand-side are the components in the vector basis, and
&t - (1,0,...,0
& — (0,1,...,0
(2.6)
o"— (0,0,...,1)

where the components are in the one-form basis. Make sure you understand why this
‘obvious’. .
So what is the value of the expressiptA) in components? By linearity,

PA) = pdd (Algj) = p A () = pAIS | = piA.

This is thecontraction of Pwith A. Note particularly that, sincBandAare basis-independent,
geometrical objects — or quite separately, sificd) is a pure number — theumber p; A' is
basis-independent also, even though the numpeasid A' are separately basis-dependent.

Similarly, contracting the?) tensorT with one-formsp, § and vectorA, we obtain the
number

TP, 8; A = pigj AT .
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If we contract it instead with just the one-forms, we obtain the objé@ @; -), which is a
one-form (since it maps a single vector to a number), which has components

TR, T k= pa T,

and the solitary unmatched lower indern the right-hand-side indicates (or rather confirms)
that this object is a one-form.
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2.6 The metric tensor

One thing we do not have yet is any notion of distance, but we can supply that very easily, b
picking a symmetrig)) tensorg, and calling that thenetric tensor. mett
This definition allows us to define a ‘distance between’ two vectbé, B), as simply
d(A, B) = g(A, B), and a ‘length-squared’ of a vectd(A, A). This notion is hugely
important to us when we study GR, and we will return to it in due course. We can, if we wish,
define the inner product on the set of vectors, using the metric, as siygB/= g(A, B).
We can find the components of the metric tensor in the same way we can find the compc
nents of any tensor above:

9(&,€j) = gij. (2.7)

As well as giving us a notion of distance, the metric tensor allows us to define a mapping
between vectors and one-forms. Since it {§)aensor, it is a thing which takes two vectors
and turns them into a number. If we only supply a single veétoo the metric, we have a
thing which takes one further vector and turns it into a number; but this is just a one-form,
which we will write asA:

A=g(A ) =g A).

That is, for any vectoA, we have found a way of picking out a single associated one-form,
written A. What are the components of this one-form? Easy:

A =A@)=9@E. A (2.8a)
= 9@, Alg) (2.8b)
=Alg@, &) (2.8¢c)

— gy Al (2.8d)
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from Eq.[2.T) above. That is, the metric tensor can also be regarded aslanlowering’ [EXZ
operator. inde

Can we do this trick in the other direction, definingigtensor which takes two one-forms
as arguments and turns them into a number? Yes we can, and the natural way to do it is v
the tensor’s components.

The set of numberg;j is, at one level, just a matrix. Thus if it is non-singular (and we
will always assume that the metric is non-singular), this matrix has an inverse, and we ca
take the components of the tensor we're looking §r, to be the components of this inverse.
That means nothing other than

¢ gjk = 'k, (2.9)

and this defines the components of the tensor we're looking for. We will refer to the tensors
corresponding tg", g'; andg;j indiscriminately as ‘the metric’. Note that, since the effect
of Eq. [2.9) is simply to lower one index of the figit , by Eq.[2.8R), it islways true that

g;=4
What happens if we apply'! to the one-form component; ?
gl A = gl gjuA* = 8"k Ak = AT (2.10)

so that the metric can raise components as well as lower them.

There is nothing in the above discussion that says that the tgrisas the same value at
each point in spacetime. In genemglis a tensor field, and the different values of the metric
at different points in spacetime are associated with the curvature of that spacetime.
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2.7 Changing basis

The last very general set of properties we must discover about tensors is what happens wh
you change your mind about the sets of basis vectors and one-forms (you can’t change yo
mind about just one of them, if they are to remain dual to each other).

We (now) know that if we have a set of basis vect@$, then we can find the components
of an arbitrary vectoAto be Al = A(@'), where thd@' } are the set of basis one-forms which
are dual to the vectors }.

But there is nothing special about this basis, and we could equally well have chosen
completely different sefg;} with dual{@/} (note that we distinguish the vectors by putting a
bar on the indey rather than the base symlm}- this does look odd, | know, but it ends up
being notationally tidier). With respect to this basis, thae vector A can be written

A=Ag,
where, of course, the components are the set of numbers
Al = A®@).

Since both these sets of components represesttheunderlying objecth, we naturally
expect that they are related to each other, and it is easy to write down that relation. Fror
before

A =A@
= Alg @)
—ATAl, (2.12)
where we have written theansformation matrix A as tran:

o matr
A'J- =g @)= (€j). (2.12)
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Note thatA is amatrix, not a tensor — there’s no underlying geometrical object, and we have
consequently not staggered its indexes. Exactly analogously, the components of a ope-form
transform as

pr=Alp;, (2.13)
where the transformation matrix is
A =31 @). (2.14)
Since the vectoA is the same in both coordinate systems, we must have
A=Ag=Ag
EXAlg,, (2.15)
whereE|1< are the components of vectgrin the basigé}. We can thus see that the matiix

must be the inverse of: A EX = 6%,
Moving on, the components of og) tensorT transform as

Let us now look at the contractiail (&j) in two coordinate systems:
s = (&) = A}A{a"(é,-) = AMAL, (2.17)

using Eqns[(Z.3a) (2.12) ar{d (2.14), or more specifically the results of example 2.7. That i
the matricesA- andA' are inverses of each other.

Here, it has been convenient to introduce basis transformations by focusing on the tran:
formation of thecoordinates of vectors and one-forms, in Eff.(2]11). We could alternatively
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introduce them by focusing on the transformation of the basis vectors and one-forms thern
selves, and this is the approach used in the discussion of basis transformationg in|Sect. 1.4
part 3. Looking again at Eq. (2]15), we can iden@fy with the inverse matrixl, and thus
deduce the basis vector transformation to be

&=Ala. (2.18)
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3 Examples of bases and transformations

So far, so abstract. By now, we dreg overdue for some illustrations.
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3.1 Flat cartesian space

Consider the natural vectors on the euclidean plane — that is, the vectors you learned about
school. The obvious thing to do is to pick our basis to be the unit vectors alongahdy
axes:@ = & andé& = &,. That means that the vect8; say, which points from the origin to

a point two units along and one up, can be writterAas 2&; + 16, or to have components

Al = 2, A2 = 1. We have chosen these basis vectors to be the usual orthonormal one:
however, we areot required to do this by anything in S€at. 2, and indeedwmot even say

this at this stage, because we have not (yet) defined a metric, and so we have no inner produ
so that the ideas of ‘orthogonal’ and ‘unit’ do not yet exist.

What are the one-forms in this space? Possibly surprisingly, there is nothing if]Sect.:
which tells us what they are, so that we can pick anything we like as a one-form in the euclidea
plane, as long as that one-form-thing obeys the axioms of a vector spac¢ ($ect.1.1), and
long as whatever rule we devise for contracting vectors and one-form-things conforms to th
constraint of Eq[(Z]1).

For one-forms, then, we’'ll choose sets of planes all parallel to each other, with the propert
that if we ‘double’ a one-form, then the spacing between the planes halves (a picture help
herel!). Forour contractionrulé, -), we'llchoose: “the numbe{rﬁ, A)isthe number of planes
of the one-formp which the vectorA passes through”. If the duality property E{E.Sa) is to
hold, then this fixes the ‘planes’ @f* to be lines perpendicular to theaxis, one unit apart,
and the planes @52 to be similarly perpendicular to theaxis.

For our metric, we can choose simpy; = ¢ = g¢'j = §;. This means that the

length-squared of the vectdr = 2&; + 1& is
g(A A) =gj A A = ALAL 4 A2A% = 22+ (1)2 =5,

which corresponds to our familiar value for this, from Pythagoras’ theorem.
The other interesting thing about this metric is that, when we use it to lower the indexes
of an arbitrary vecto, we find thatA; = gij A! = A'. In other words, for this metric (the
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natural one for this flat space, with orthonormal basis vectors) one-forms and vectors hav
the same components, so that we cannot any longer really tell the difference between them
and have to work hard to think of them as being separ#tgs is why you have never had

to deal with one-forms before, because the distinction between the two things in the space
our normal (mathematical) experience is invisible.

Note that in this section we have distinguishegtesian space from a euclidean space. cart
The first is the system of rectilinear coordinates you learned about in school, and the segef
is the flat space of our normal experience. Here, we have been talking about euclidean spa
described by cartesian coordinates. In the next section we will also discuss euclidean spac
but not in cartesian coordinates, and in the following section on Minkowski space we use
cartesian coordinates to describe a non-euclidean space, which does not have the same me
as the two previous examples.
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3.2 Polar coordinates

An alternative way of devising vectors for the Euclidean plane is to use polar coordinates. |
is convenient to introduce these using the transformation equation Eq. (2.11). The radial ar
tangential basis vectors are

=& = C0SH & + sinf & (2.19a)
=& = —rsinf e +r cosh &, (2.19b)

thI |—\(PI

whereé, = & andé& = &y as before. Note that these basis vectors vary over the plane, and
that although they are orthogonal (though we ‘don’t know that yet’ since we haven't defined
a metric), they are not orthonormal. Thus we can write

& =6 =Ale + A28
& =& = Az + A3,
and so

Al — Ai A% _( cos§ —rsind
77\ A A5 ) \sind rcost )

From Eq.[2.1r) therefore,

AT — cosp sing
7\ —sinf/r cosf/r |-
We therefore know how to transform the components of vectors and one-forms betwee

cartesian and plane polar coordinates. What does the metric tapset (§ij in cartesian
coordinates, remember) look like in these new coordinates? The components are just

g7 = AjAlgi,
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and writing these components out in full, we find

o = ( é r02 ) (2.20)

We see that, even though coordinatesy) and(r, 9) are describing theame flat space, the
metric looks a little more complicated in the polar-coordinate coordinate system than it doe:
in the plain cartesian one, and looking at this ‘cold’, we would have difficulty identifying the
space described by Eff. (2] 20) as flat Euclidean space.

We will see a lot more of this in the parts to come.
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3.3 Minkowski space: vectors in special relativity

The final very important example of the ideas of this part is the space of Special Relativity:

Minkowski space. See Schutz, ch.2, though he comes at the transformation mafrom a  Min}

slightly different angle. spac
Here there are four dimensions rather than two, and a basis for the space is formed frol

€ = & andé; 2 3 = & y,,. Asis conventional, we will now use greek indices for the vectors

and one-forms, with the understanding that greek indices run{6yér 2, 3}. The metric on

this space, in these coordinates, is

Ouv = v = diag(—1,1, 1, 1) (2.21)

(note that this convention for the metric is the same as Schutz).

Vectors in this space ar& = A*&,, and we can use the metric to lower the indexes and
form the components in the dual space (which we define in a similar way to the way we define:
the dual space in Se ct. 8.1). Thus the contraction between a oneAfand vectorB is just

(A, B) = A,B* = AgB® + A1 B! + A,B? + A3B®
=, A*B” = —A°B0 + AlB! 4 A%B? 4 A%BS,

This last expression should be very familiar to you, since it is exactly the definition nbthe

of two vectors which was so fundamental, and which seemed so peculiar, in special relativity
We can define transformations from these Minkowski-space coordinates to new ones in th

same space, by specifying the elements of a transformation matcfx Schutz §2.2). We can

do this however we like, but there is a subset of these transformations which are particularl

useful, since they result in the metric in the new coordinates havingathe form as the

metric in the old one, namelgz; = ;5. One of the simplest sets of such transformation
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matrices (parameterised by<Ov < 1) is

y —vy 0 O
i _ —vy y 00
0 0O 01

wherey = 1/+4/1 — v2. Again, this should be rather familiar.
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Examples

Some of the examples below are taken from the earlier presentations of this course by Mart
Hendry; these are noted by “(MAH)” and the example sheet where they occurred. Exercise
1-7 of Schutz’s chapter 3 are also useful.
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Example 2.1 (section 1.1)

Demonstrate that the set of ‘ordinary vectors’ does indeed satisfy these axioms. Demonstra
that the set of all functions also satisfies them and is thus a vector space. Demonstrate that 1
subset of functionga cosbx, asinbx : a, b € R} is a vector space. Can you think of other
examples?
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Example 2.2 (section 1.1)

Prove that if{bj } are the components of an arbitrary vecBwith respect to an orthonormal
basis{g }, thenb; = B - §.
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Example 2.3 (section 2.5)

Tensor component&! and B!l are equal in one coordinate frame. By considering the
transformation law for &2, 0) tensor (introduced later in this part, in Sgct]2.7), show that
they must be equal in any coordinate trame. Show thatifis symmetric in one coordinate
frame, it is symmetric in any frame. (MAH, 3.2)
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Example 2.4 (section 2.6)
Justify each of the steps in EQ.(2.8a).
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Example 2.5 (section 2.6)

(a) Given thafT is a(}) tensor,A and B are vectorsp is a one-form, and is the metric, give
the ()} rank of each of the following objects, where as usuapresents an unfilled argument
to the functionT (not all the following are valid; if not, say why):

1. AG) 2.p0O) 3.7TG5,~ 4. T(p,~~
5.T(p, A" 6.TC,CASD 7.TCG,-,B) 8. TG A B)
9.T(P, A B) 10.A() 11. p0)

(b) State which of the following are valid expressions representing the components of «
tensor. For each of the expressions which is a tensor, stat¥ xitype of the tensor; and for
each expression which is not, explain why not.

1. gi 2.9jTha 3.gkTlu 4. T
5. A 6. A 7.gjAAl 8. gjAKAK

What aboutA' = A(@')? [Objectivd 2; based on Class Test, 2002]
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Example 2.6 (section 2.7)

By repeating the logic which led to Ef. (Z]11), prove Eq. (R.13) and EQJ(2.16). Alternatively,
and more directly, use the results of exanjplé 2.7. [Obje[iive 3]
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Example 2.7 (section 2.7)

Make a table showing all the transformaticis< &, A « A", &' < @' andp; < pr,
patterned after Ed. (2.11) and Sgcf] 1.4. You will need to use the fact that thatrices are
inverses of each other, and that= A'§ = A'g. This is a repetitive, butxtremely valuable
exercise. [Objectivg]3, ObjectiV¢ 4]
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Example 2.8 (section 3.2)

Consider the vectoh = 16, +1&. Using Eq.) and the appropriate transformation matrix
for polar coordinates, determine the components of this vector in the polar basis, at the poin
r,0) =1, /%, 1,0, (2 /4 and(2, 0)? Use the metric for these coordinates, EQ. (2.20)
to find the length ofA at each of these points. What happens at the origin? [Oive 3,
Objectivg 4]
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Example 2.9 (section 3.3)

The metric in the new coordinatesrjg; = AgAgn,w. Confirm thatyz; = n,0.

What is the inverse s of Eq. )? Use it to write down the components of the metric
tensor Eq[(2.21) after transformafion by taisand verify thaigzs = 1;5-
Consider the transformation matrix

b 00

Al = ()

oo o
cooo
or O
~ OO

which is the simplest transformation which ‘mixes’ theandt-coordinates. Byequiring that

Ozv = nav after transformation by thia, find constraints on the parameter, c, d (you
can freely add the constraibt= c; why?), and so deduce the matrix §q.(2.22). [Objedijve 3,
Objective 4]
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