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Fermat’s principle



Travel time gets shorter as you go from the first to the second,
then it gets longer.
Ie minimum at the shortest path



Catenary
Can describe it in terms of balance of forces
but also minimising total potential energy



The brachistochrone problem

Brachistochrone problem
Very similar to the tautochrone problem, solved by Huygens in 1659
Johann Bernoulli, 1696 (first published ‘integral’)
Led to the calculus of variations



The action

The Lagrangian
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Hamilton’s principle



Joseph Louis Lagrange (1736–1813)
William Rowan Hamilton (1805–1865)
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Describes motion in a 2n-dimensional space
But this tells us that only 2x3=6 numbers completely characterise motion in 3-d space.
Also, this is true for more than just particle mechanics.
Leads to Newton’s equations, Maxwell’s, Schrödinger’s; electrical and acoustic systems.
Not always useful for actual calculations, though
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Schrödinger equation (one form of it)
Similarly, it’s the classical theory of fields (based on continuous Lagrangians) which is used as the basis for quantum field theory



Feynman path-integral formulation
(building on work by Dirac)
Each path is weighted by exp(iS/hbar)
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If H indep of q, then p is conserved



Emmy Noether (1882–1935)



Noether’s theorem 
For each symmetry of the Lagrangian, 

there is a conserved quantity
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aGbgcµ � @⌫W
+
µ @⌫W

�
µ �M2W+

µ W�
µ � 1

2@⌫Z
0
µ@⌫Z

0
µ � 1

2c2w
M2Z0

µZ
0
µ � 1

2@µA⌫@µA⌫ �
1
2@µH@µH � 1

2m
2
hH

2 � @µ�
+@µ�

� �M2�+�� � 1
2@µ�

0@µ�
0 � 1

2c2w
M�0�0 � �h[

2M2

g2 + 2M
g H +

1
2(H

2 + �0�0 + 2�+��)] + 2M4

g2 ↵h � igcw[@⌫Z0
µ(W

+
µ W�

⌫ �W+
⌫ W�

µ )� Z0
⌫ (W

+
µ @⌫W

�
µ �

W�
µ @⌫W

+
µ )+Z0

µ(W
+
⌫ @⌫W

�
µ �W�

⌫ @⌫W
+
µ )]�igsw[@⌫Aµ(W+

µ W�
⌫ �W+

⌫ W�
µ )�A⌫(W+

µ @⌫W
�
µ �

W�
µ @⌫W

+
µ ) + Aµ(W+

⌫ @⌫W
�
µ �W�

⌫ @⌫W
+
µ )]� 1

2g
2W+

µ W�
µ W+

⌫ W�
⌫ + 1

2g
2W+

µ W�
⌫ W+

µ W�
⌫ +

g2c2w(Z
0
µW

+
µ Z0

⌫W
�
⌫ � Z0

µZ
0
µW

+
⌫ W�

⌫ ) + g2s2w(AµW
+
µ A⌫W

�
⌫ � AµAµW

+
⌫ W�

⌫ ) +
g2swcw[AµZ

0
⌫ (W

+
µ W�

⌫ �W+
⌫ W�

µ )� 2AµZ
0
µW

+
⌫ W�

⌫ ]� g↵[H3 +H�0�0 + 2H�+��]�
1
8g

2↵h[H4 + (�0)4 + 4(�+��)2 + 4(�0)2�+�� + 4H2�+�� + 2(�0)2H2]� gMW+
µ W�

µ H �
1
2g

M
c2w
Z0

µZ
0
µH � 1

2ig[W
+
µ (�0@µ�

� � ��@µ�
0)�W�

µ (�0@µ�
+ � �+@µ�

0)] + 1
2g[W

+
µ (H@µ�

� �
��@µH)�W�

µ (H@µ�
+ � �+@µH)] + 1

2g
1
cw
(Z0

µ(H@µ�
0 � �0@µH)� ig s2w

cw
MZ0

µ(W
+
µ �� �

W�
µ �+)+ igswMAµ(W+

µ ���W�
µ �+)� ig 1�2c2w

2cw
Z0

µ(�
+@µ�

����@µ�
+)+ igswAµ(�+@µ�

��
��@µ�

+)� 1
4g

2W+
µ W�

µ [H2+(�0)2+2�+��]� 1
4g

2 1
c2w
Z0

µZ
0
µ[H

2+(�0)2+2(2s2w�1)2�+��]�
1
2g

2 s2w
cw
Z0

µ�
0(W+

µ �� +W�
µ �+)� 1

2ig
2 s2w
cw
Z0

µH(W+
µ �� �W�

µ �+) + 1
2g

2swAµ�
0(W+

µ �� +

W�
µ �+) + 1

2ig
2swAµH(W+

µ �� �W�
µ �+)� g2 swcw (2c

2
w � 1)Z0

µAµ�
+�� � g1s2wAµAµ�

+�� �
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j u
�
j )�

g
2

m�
d

M H(d̄�j d
�
j ) +

ig
2

m�
u

M �0(ū�
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)X0 + Ȳ @2Y + igcwW

+
µ (@µX̄0X� � @µX̄

+X0) + igswW
+
µ (@µȲ X� �

@µX̄
+Y ) + igcwW

�
µ (@µX̄�X0 � @µX̄

0X+) + igswW
�
µ (@µX̄�Y � @µȲ X+) +
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The standard model of particle physics



Eightfold way – meson octet.
Murray Gell-Mann




