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Parameter estimation: 2-D case
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F determines how much 
information we can learn 
about our parameters

Direction of axes are the eigenvectors  of  F



Cepheid Variables: Cosmic Yardsticks

Henrietta Leavitt
1908-1912
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Principal Component Analysis templates for Cepheids

ISYA.  Ifrane, 2nd – 23rd July 2004

Galactic and LMC V,I data:

Initially fitted with a 6th

order Fourier fit to V and 
I data   → 24 parameters

Perform PCA and keep only 
first two eigenvectors

24-dim problem  → 2-dim

Can then fit templates to 
much sparser data



Dealing with observational selection effects

No matter how good the telescope,
there is a limit to the flux that it
can reliably detect.

In e.g. galaxy surveys, there is a
‘fading out’ at large distances

Hubble Ultra Deep Field
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Dealing with observational selection effects

No matter how good the telescope,
there is a limit to the flux that it
Can reliably detect.

In e.g. galaxy surveys, there is a
‘fading out’ at large distances

Properties of sampled objects 
(e.g. luminosity, colour) change 
with increasing distance

Malmquist bias

Many other examples of 
observational selection effects 
in astronomy:
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e.g. masses and semimajor axes 
of extra-solar planets
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Dealing with observational selection effects

Easy in principle to correct for selection effects

( ) ( ) ( )ISIpIp data,model,|datamodel,|dataobs ×=

The ‘ideal’ likelihoodThe ‘actual’ likelihood The selection function
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Dealing with observational selection effects

Easy in principle to correct for selection effects

Selection function measures the probability that an 
object with particular data characteristics* would be 
observable

(* e.g. apparent magnitude, colour, surface brightness, angular size)

( ) ( ) ( )ISIpIp data,model,|datamodel,|dataobs ×∝

The ‘ideal’ likelihoodThe ‘actual’ likelihood The selection function
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Dealing with observational selection effects

Easy in principle to correct for selection effects

( ) ( ) ( )ISIpIp data,model,|datamodel,|dataobs ×∝

The ‘ideal’ likelihoodThe ‘actual’ likelihood The selection function

( ) ( )
( )IS

IpIp
data,

model,|datamodel,|data obs∝

ISYA.  Ifrane, 2nd – 23rd July 2004

Problems: need to know                accurately

may depend on different data 
than the likelihood functon
( )IS data,

( )IS data,



Dealing with observational selection effects

Example: Galaxy luminosity function
=  fraction of galaxies with absolute

magnitude between        and  
dMMp )(

dMM +M
)(Mp

M0M
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Dealing with observational selection effects

Example: Galaxy luminosity function
=  fraction of galaxies with absolute

magnitude between        and

But we don’t observe      .  We infer it from
The apparent magnitude and distance (modulus) 

dMMp )(
dMM +M

)(Mp

M0M

M

ISYA.  Ifrane, 2nd – 23rd July 2004



Apparent brightness, or flux, falls off with the square of the 
distance, because the surface area of a sphere increases with 
the square of its radius

Luminosity and flux

FDL 24π=

Distance, (metres)

Luminosity, (watts) Flux, (watts / square metre)



Measuring Astronomical Distances: Parallax



Measuring Astronomical Distances: Parallax

Even the nearest star shows a 
parallax shift of only 1/2000th

the width of the full Moon



Measuring Astronomical Distances: Parallax

A.U.1
tan

1
pp

D ≅=

A.U.206265
p

D
′′

=

parallax 
angle A star at a distance 

of 1 parsec shows a 
parallax angle of 
one arc second



Measuring Astronomical Distances: Parallax

A.U.1
tan

1
pp

D ≅=

A.U.206265
p

D
′′

=

parallax 
angle A.U.206265pc1 =

m10086.3 16×=

yearslight262.3=



Apparent and Absolute Magnitude

Expressing flux in terms of distance and luminosity:-
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Suppose        and          are equal:-1L 2L

21011021 log5log5 DDmm −+=



Apparent and Absolute Magnitude

Absolute magnitude = apparent magnitude which a star 
would have if it were at a 
distance of ten parsecs

5log5 10 −+= DMm

modulus distance==− µMm



Apparent and Absolute Magnitude

In cosmology we often measure distances in Megaparsecs

pc10parsecsmillion1Mpc1 6==
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Apparent and Absolute Magnitude

In cosmology we often measure distances in Megaparsecs

pc10parsecsmillion1Mpc1 6==

510log5log5

5)10(log5
6

1010

6
10

−++=

−×+=

DM

DMm

in Mpc

25log5 10 ++= DMm

in Mpc



Dealing with observational selection effects

Example: Galaxy luminosity function
=  fraction of galaxies with absolute

magnitude between        and

But we don’t observe      .  We infer it from
The apparent magnitude and distance (modulus)

Simplest form of observational selection:

sharp apparent magnitude limit

dMMp )(
dMM +M

)(Mp

M0M

M

⎩
⎨
⎧ <

=
otherwise0
if1

)( LIMmm
mS
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Dealing with observational selection effects

Example: Galaxy luminosity function
=  fraction of galaxies with absolute

magnitude between        and

But we don’t observe      .  We infer it from
The apparent magnitude and distance (modulus)

Simplest form of observational selection:

sharp apparent magnitude limit
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dMM +M

)(obs Mp

M0M

M

⎩
⎨
⎧ <

=
otherwise0
if1

)( LIMmm
mS Unobservable

µ−= LIMLIM mM

Distance modulus



D
is

ta
nc

e 
m

od
ul

us
 µ

. .
. .

. .
..

.

.

.

. .

.

.

. .

.

.

..

. .

. ..

..

.

..

.

.

. .

.

.

.
.

. .
.

.

.

.
.

.

..

.
.

.

.
.

...
. . .

.

...

.. .
..

.
.

..
.
.

. ..
..

. .
.

.

..
. .

.
. .
.
.

.
.

. ..
.. ... .

.....
.

.. .
..

.
.
...
.
..

.

..
..

....
.
. ..

.
.

.

..

.

.

..
.
.

.

.
.

.

...
.

.
.

.
.

.

.

. . .
.

.

.
.

..

.
..

.
.

.
.

.. ... . . .
.

.
.

. . .
. ..

.

.. .

.

. ..
.

.
.

..
.

.

Absolute magnitude  M
ISYA.  Ifrane, 2nd – 23rd July 2004



D
is

ta
nc

e 
m

od
ul

us
 µ

mlim

. .
. .

. .
..

.

.

.

. .

.

.

. .

.

.

..

. .

. ..

..

.

..

.

.

. .

.

.

.
.

. .
.

.

.

.
.

.

..

.
.

.

.
.

...
. . .

.

...

.. .
..

.
.

..
.
.

. ..
..

. .
.

.

..
. .

.
. .
.
.

.
.

. ..
.. ... .

.....
.

.. .
..

.
.
...
.
..

.

..
..

....
.
. ..

.
.

.

..

.

.

..
.
.

.

.
.

.

...
.

.
.

.
.

.

.

. . .
.

.

.
.

..

.
..

.
.

.
.

.. ... . . .
.

.
.

. . .
. ..

.

.. .

.

. ..
.

.
.

..
.

.

Absolute magnitude  M
ISYA.  Ifrane, 2nd – 23rd July 2004



Dealing with observational selection effects

Easy in principle to correct for selection effects

Need to integrate out over distance modulus 
(‘nuisance parameter’), since the selection function 
depends on both        and

( ) ( ) ( )ISIpIp data,model,|datamodel,|dataobs ×∝

( )∫
∞

∞−
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎥⎦
⎤

⎢⎣
⎡ −

−∝ µµµ
σσπ

dMSpMMMp ,)(exp
2
1)(

2
0

2
1

obs

M µ
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To make any further progress we need to adopt a model 
for

Assuming  that galaxies are uniformly distributed in 
space, we can show that

)(µp

( )
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡ −−
−=

22
0

2
1

obs
38.1exp

2
1)(

σ
σ

σπ
MMMp

2
0 38.1 σ−M

)(Mp

0M

Intrinsic pdf Observed pdf

Increasing luminosity
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MMMp

)(µp Observed galaxies 
are intrinsically 
more luminous

Malmquist Bias
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To make any further progress we need to adopt a model 
for

Assuming  that galaxies are uniformly distributed in 
space, we can show that

( )
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡ −−
−=

22
0

2
1

obs
38.1exp

2
1)(

σ
σ

σπ
MMMp

)(µp Observed galaxies 
are intrinsically 
more luminous

Can we avoid 
homogeneity 
assumption?

Malmquist Bias

2
0 38.1 σ−M

)(Mp

0M

Intrinsic pdf Observed pdf

Increasing luminosity
ISYA.  Ifrane, 2nd – 23rd July 2004



CMBR ‘ripples’ are the 
seeds of today’s galaxies

Galaxy formation is highly 
sensitive to the pattern, or 
power spectrum, of CMBR 
temperature ripples and the 
dark matter in the Universe 



Velocity Velocity –– Density ReconstructionsDensity Reconstructions
We can compare observed peculiar velocities with the 
reconstructed density and velocity field from all-sky 
redshift surveys, via linear theory relations:-

∫ ′

′′
′Ω

= 3
3

6.0

pec 4
)(

r-r
r)-r)(r(rrv δ

π
dm

δ6.0
pec mΩ−=⋅∇ v

density-density comparisons
velocity-velocity comparisons
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Density Density –– density comparisonsdensity comparisons

Archetype is POTENT (Bertschinger & Dekel 1988; Dekel et al 1999)

x

Smoothing 
windowVΦ∇−=pecv

rdruV ′′−=Φ ∫ ),,()(
0

φθ
r

r

Need only radial components, 
but everywhere! Interpolate 
u(r) on a regular grid

ISYA.  Ifrane, 2nd – 23rd July 2004



Density Density –– density comparisonsdensity comparisons

Archetype is POTENT (Bertschinger & Dekel 1988; Dekel et al 1999)

Compare  vpec with e.g. 
IRAS  δ-field. Assume 
linear biasing:

pecv⋅∇ δversus

has slope

δδ b=gal

b
m

6.0Ω=β

12.089.0I ±=β Sigad et al. (1998)

ISYA.  Ifrane, 2nd – 23rd July 2004



Density Density –– density comparisonsdensity comparisons

POTENT is vulnerable to a number of statistical biases:-

Calibration bias
Inhomogeneous Malmquist bias
Tensor window bias
Sampling gradient bias

See e.g. Strauss & Willick (1995), Hendry & Simmons (1995), Hendry (2001)

ISYA.  Ifrane, 2nd – 23rd July 2004



Density Density –– density comparisonsdensity comparisons

POTENT is vulnerable to a number of statistical biases:-

Calibration bias
Inhomogeneous Malmquist bias
Tensor window bias
Sampling gradient bias

See e.g. Strauss & Willick (1995), Hendry & Simmons (1995), Hendry (2001)
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Inhomogeneous Inhomogeneous Malmquist Malmquist biasbias

Interpolate  u(r) on a real space grid

Line of sight
n

d
uest

n

czo
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Inhomogeneous Inhomogeneous Malmquist Malmquist biasbias

Line of sight
o n n

d
uest

n

cz

)(rp

r
utrue

Interpolate  u(r) on a real space grid

ISYA.  Ifrane, 2nd – 23rd July 2004



Inhomogeneous Inhomogeneous Malmquist Malmquist biasbias

Line of sight
o n n

d
uest

n

cz

)(rp

r
utrue

Interpolate  u(r) on a real space grid

ddrE ≠)|(In general

)(rpBias correction depends on 

ISYA.  Ifrane, 2nd – 23rd July 2004



Velocity Velocity –– velocity comparisonsvelocity comparisons
Archetype is VELMOD (Willick & Strauss 1997, Willick et al 1998)

‘Forward’ VELMOD

∏ Θ= );,|( iii czmpL ηMaximise likelihood of 
observing Tully-Fisher 
data, given a velocity 
field and TF model ‘Inverse’ VELMOD

∏ Θ= );,|( iii czmpL η

Θ =  parameters of TF relation and velocity model

VELMOD also requires a parametric model for
)|(,LF),,,( rczprmS η

ISYA.  Ifrane, 2nd – 23rd July 2004



Velocity Velocity –– velocity comparisonsvelocity comparisons

Strauss & Willick (1995)Triple-value regions

VELMOD also requires a parametric model for
)|(,LF),,,( rczprmS η

ISYA.  Ifrane, 2nd – 23rd July 2004



Robust MethodRobust Method
Assumption: luminosity function is Universal

)(),,(),,,(Prob Mpblrblrm ρψ∝

Selection effects
Spatial

distribution Luminosity function

We want to test our model for the selection effects

),,()(),,,( lim blzmmblzm φθψ ×−≡

Step function
Angular and radial
Selection function

ISYA.  Ifrane, 2nd – 23rd July 2004
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Robust Method: Completeness Robust Method: Completeness 
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Robust Method: Completeness Robust Method: Completeness 

m* > mlim
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Robust Method: Completeness Robust Method: Completeness 

Define:-

where

Can show:-

)(
)(

limMF
MF

=ζ

∫
∞−

=
M

dxxfMF )()(

P1:

P2: uncorrelated

]1,0U[∈ζ

µζ ,
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Robust Method: Completeness Robust Method: Completeness 
Also:-

1
ˆ

+
=

i

i
i n

rζ

)( 1Snri =
)( 21 SSnni ∪=

1
1

12
1

+
−

=
i

i
i n

nV
2
1

=iE

but only for

lim* mm ≤
ISYA.  Ifrane, 2nd – 23rd July 2004



Robust Method: Completeness Robust Method: Completeness 
Also:-

1
ˆ

+
=

i

i
i n

rζ

)( 1Snri =
)( 21 SSnni ∪=

1
1

12
1

+
−

=
i

i
i n

nV
2
1

=iE

but only for

lim* mm ≤
ISYA.  Ifrane, 2nd – 23rd July 2004



Robust Method: Completeness Robust Method: Completeness 
Also:-

1
ˆ

+
=

i

i
i n

rζ

)( 1Snri =
)( 21 SSnni ∪=

2
1

=iE
1
1

12
1

+
−

=
i

i
i n

nV

but only for

lim* mm ≤
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Dealing with observational selection effects

Easy in principle to correct for selection effects

More generally, the selection function can be much more complicated

( ) ( ) ( )ISIpIp data,model,|datamodel,|dataobs ×=

The ‘ideal’ likelihoodThe ‘actual’ likelihood The selection function
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o ‘Zone of avoidance’
o Surface brightness
o Galaxy diameters
o Colour
o Redshift



Dealing with observational selection effects

Easy in principle to correct for selection effects

More generally, the selection function can be much more complicated

( ) ( ) ( )ISIpIp data,model,|datamodel,|dataobs ×=

The ‘ideal’ likelihoodThe ‘actual’ likelihood The selection function
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o ‘Zone of avoidance’
o Surface brightness
o Galaxy diameters
o Colour
o Redshift

Too difficult to model 
analytically, but we can 
use Monte Carlo 
simulation to generate 
‘Mock’ datasets



Hierarchical clustering:

Galaxies form out of the 
mergers of fragments: 
CDM halos at high redshift.

Clusters form where 
filaments and sheets of 
matter intersect 

140 Mpc

11 Gyr ago
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Hierarchical clustering:

Galaxies form out of the 
mergers of fragments: 
CDM halos at high redshift.

Clusters form where 
filaments and sheets of 
matter intersect 

140 Mpc

Present day
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Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

1. Uniform random number, U[0,1]

See Numerical Recipes!

http://www.numerical-recipes.com/

ISYA.  Ifrane, 2nd – 23rd July 2004



Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

2. Transformed Random Variables

Suppose we have

Let

Then 

ISYA.  Ifrane, 2nd – 23rd July 2004

)(xyy =

]1,0[~ Ux

dxxpdyyp )()( =

Probability of number 
between  x and  x+dx

dxdy
yxpyp ))(()( =

Because probability 
must be positiveProbability of number 

between  y and  y+dy



Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

2. Transformed Random Variables

Suppose we have

Let

Then 
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]1,0[~ Ux

dxxpdyyp )()( =

Probability of number 
between  x and  x+dx

Probability of number 
between  y and  y+dy



Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

2. Transformed Random Variables

Suppose we have

Let

Then 

p(y)

0 a b

1
b-a]1,0[~ Ux

xabay )( −+=

],[~ baUy

y
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Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

2. Transformed Random Variables

Numerical Recipes uses the transformation 
method to provide :

Normal distribution with mean zero 
and standard deviation unity

Define 

)1,0(~ Nx

xz σµ +=

),(~ σµNx
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Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

3. Probability Integral Transform

Suppose we can compute the CDF of
some desired random variable
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Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

3. Probability Integral Transform

Suppose we can compute the CDF of
some desired random variable

1)
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]1,0[~ Uy



Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

3. Probability Integral Transform

Suppose we can compute the CDF of
some desired random variable

1)

2)   Compute
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]1,0[~ Uy

)(1 yPx −=



Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

3. Probability Integral Transform

Suppose we can compute the CDF of
some desired random variable

1)

2) Compute

3) Then

ISYA.  Ifrane, 2nd – 23rd July 2004

]1,0[~ Uy

)(1 yPx −=

)(~ xpx



Monte Carlo SamplingMonte Carlo Sampling

)(1 xp

)(2 xpGenerating random variables

4. Rejection Sampling

Suppose we want to sample from 
some pdf and we know 
that 

)(1 xp

xxpxp ∀< )()( 21
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Monte Carlo SamplingMonte Carlo Sampling

)(1 xp

)(2 xpGenerating random variables

4. Rejection Sampling

Suppose we want to sample from 
some pdf and we know 
that 1x

)(1 xp

xxpxp ∀< )()( 21 1) Sample       from )(2 xp1x
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Monte Carlo SamplingMonte Carlo Sampling

)(1 xp

)(2 xpGenerating random variables

4. Rejection Sampling

Suppose we want to sample from 
some pdf and we know 
that 1x

y

)(1 xp

xxpxp ∀< )()( 21 1) Sample       from

2) Sample 

)(2 xp

)](,0[~ 12 xpUy
1x
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Monte Carlo SamplingMonte Carlo Sampling

)(1 xp

)(2 xpGenerating random variables

4. Rejection Sampling

Suppose we want to sample from 
some pdf and we know 
that 1x

y

)(1 xp

xxpxp ∀< )()( 21 1) Sample       from

2) Sample

3) If ACCEPT

otherwise  REJECT

)(2 xp

)](,0[~ 12 xpUy
1x

)(1 xpy <
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Monte Carlo SamplingMonte Carlo Sampling

)(1 xp

)(2 xpGenerating random variables

4. Rejection Sampling

Suppose we want to sample from 
some pdf and we know 
that 1x

y

)(1 xp

xxpxp ∀< )()( 21 1) Sample       from

2) Sample

3) If ACCEPT

otherwise  REJECT

)(2 xp

)](,0[~ 12 xpUy
1x

Set of accepted values 
are a sample from 

{ }ix
)(1 xp )(1 xpy <
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Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

4. Rejection Sampling

Suppose we want to sample from 
some pdf and we know 
that 

ISYA.  Ifrane, 2nd – 23rd July 2004

)(1 xp

xxpxp ∀< )()( 21

Set of accepted values 
are a sample from 

{ }ix
)(1 xp

Method can be very slow if the 
shaded region is too large -
particularly in high-N  problems

LISA



Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

5. Metropolis-Hastings 
Algorithm

ISYA.  Ifrane, 2nd – 23rd July 2004

x)(p

o Sample initial point

o Sample tentative new state
from                      (e.g. Gaussian)

o Compute

o If                       Accept
Otherwise         Accept with probability

)1(x

)x,x'( )1(Q

)x',x()x(
)x,x'()x'(

(1)(1)

(1)

Qp
Qpa =

1>a
a



Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

5. Metropolis-Hastings 
Algorithm
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x)(p

o Sample initial point

o Sample tentative new state
from                      (e.g. Gaussian)

o Compute

o If                       Accept
Otherwise         Accept with probability

)1(x

)x,x'( )1(Q

)x',x()x(
)x,x'()x'(

(1)(1)

(1)

Qp
Qpa =

1>a
a

Acceptance:

Rejection:

x'x(2) =
(1)(2) xx =



Monte Carlo SamplingMonte Carlo Sampling

Generating random variables

5. Metropolis-Hastings 
Algorithm
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x)(p

o Sample initial point

o Sample tentative new state
from                      (e.g. Gaussian)

o Compute

o If                       Accept
Otherwise         Accept with probability

)1(x

)x,x'( )1(Q

)x',x()x(
)x,x'()x'(

(1)(1)

(1)

Qp
Qpa =

1>a
a

Acceptance:

Rejection:

x'x(2) =
(1)(2) xx =

Markov Chain
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David Mackay

Cavendish Lab
Cambridge

http://www.inference.phy.cam.ac.uk/mackay/

http://www.statslab.cam.ac.uk/~mcmc/pages/links.html



Enjoy the ISYA, and keep in touch!!…


