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Marginalisation

This extends to the continuum Iimit .

X can take infinitely many values

p(Y [1) = [ p(X,Y [1)dX

P(X,Y | 1) is nolonger a probability, but a probability density

Prob(a< X <bandY istrue|l) = | p(X,Y|I])dX

D e T

with obvious extension to continuum limit for Y
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Marginalisation

This extends to the continuum Iimit .

X can take infinitely many values

p(Y [1) = [ p(X,Y [1)dX

ako | p(X]Y,dX = 1

\ Normalisation condition
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Some important pdfs: Discrete case

1) Poisson pdf
e.g. number of photons / second counted by a CCD,

number of galaxies / degree? counted by a survey

e_,u

I' = number of detections p(l’) _ H
r!

Poisson pdf assumes detections are independent, and
there is a constant rate U

Can show that Z p(r)=1
r=0
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Some important pdfs: Discrete case

1) Poisson pdf
e.g. number of photons / second counted by a CCD,

number of galaxies / degree? counted by a survey

(1) |
p(r) = =
r!
w o= 1.0
s[ 4= 5.0 7
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Some important pdfs: Discrete case

2. Binomial pdf

number of 'successes’ from N observations, for two mutually
exclusive outcomes ('Heads' and 'Tails')

e.g. number of binary stars, Seyfert galaxies, supernovae...

= number of 'successes'’

I
€ = probability of 'success' for single observation

_ N' Hrl QN—r
pN(r) — r!(N—r)! (_)

can show that Z p,(r)=1
r=0
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Some important pdfs:  Continuous case

1)  Uniform pdf (1
P g a< X< b
p(x) = o
0 otherwise

p(x)
A

1 —

b-a
0 a2 b P X
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Some important pdfs:  Continuous case

1) Central, or normal pdf
(also known as Gaussian)

p(X) = ——exp —l(x_”)

©

~—
X<

N

0.8

04 06

0.2

0
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Cumulative distribution function (CDF)

P(a) = j o(x)dx

Prob(x<a)

04 06 038
|

0.2

-

0

X=u . X
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Measures and moments of a pdf

The nth moment of a pdf is defined as:-

<Xn> = i X"p(x| 1) Discrete case
x=0
<x”> = Tx” p(x|1)dx Continuous case
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Measures and moments of a pdf

The 1st moment is called the mean or expectation value:-

E(x) = <X> ix p(x|1) Discrete case

E(x) = (x) = j X p(x|1)dx | Continuous case
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Measures and moments of a pdf

The 2nd moment is called the mean square:-

<X2> = ixz p(x|1) Discrete case
x=0

<x2> = sz p(x|1)dx | Continuous case
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Measures and moments of a pdf

The variance is defined as:-

var[x] = i(x—<x>)2 p(x| 1) Discrete case

x=0

var[x| = T(x—<x>)2 p(x| 1)dx | Continuous case

and is often written as o°

0:\/? is called the standard deviation

N
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Measures and moments of a pdf

The variance is defined as:-

var|x|

var|x]|

i (X — <X>)2 p(x|1) Discrete case

T(X—<X>)2 p(x|1)dx | Continuous case

In general

IIIIIIIIII

var[x] = <x2>—<x>2

ISYA. Ifrane, 2" -23rd July 2004




Measures and moments of a pdf

pdf mean variance
. ue
Poisson  p(r) = — H 2/
Binomial "
P = G @0 | NG NO(1-06)
Uniform _ 1 1 1 ?
p(X) = 3% | i(a+b) L(b-a)

Normal
p(X) = J—Mexp{—é[%” 2 o’
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Measures and moments of a pdf

The Median divides the CDF into two equal halves

P(x)

UNIVERSITY
of
GLASGOW

04 06 038

0.2

0

Xmed

P(Xpea) = [ P(X)dX = 0.5

X= 1
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Measures and moments of a pdf

The Mode is the value of X for which the pdf is a maximum

p(x)

B ;-

0.8

04 06

0.2

0

For a normal pdf, mean = median = mode = U

UNIVERSITY

i ISYA. Ifrane, 2 - 23r¢ July 2004




Bayesian probability theory is simultaneously a very
old and a very young field:-

Old : original interpretation of Bernoulli, Bayes, Laplace...

Young: 'state of the art’ in (astronomical) data analysis

But BPT was rejected for several centuries.

Probability = degree of belief was seen as too
subjective

!

Frequentist approach

i
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Probability = ‘long run relative frequency’ of an event

in principle can be measured objectively

e.g. rolling a die. G What is p(l) ?

If die is 'fair' we expect p(1) = p(2)=...= p(6) :%

These probabilities are fixed (but unknown) numbers.

Can imagine rolling die M times.

Number rolled is a random variable - different outcome each time.
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Probability = ‘long run relative frequency’ of an event

in principle can be measured objectively

e.g. rolling a die. G What is p(l) ?

If die is 'fair' we expect p(1)=p(2)=...= p(6) :%

These probabilities are fixed (but unknown) numbers.

But objectivity is an illusion:

()

p(l) = Ilm assumes each outcome equally likely

(i.e. equally probable)
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Probability = ‘long run relative frequency’ of an event

in principle can be measured objectively

e.g. rolling a die. G What is p(l) ?

If die is ‘fair' we expect p(l) = p(2)=...= p(6) =%
These probabilities are fixed (but unknown) numbers.
But objectivity is an illusion:

Also assumes infinite series of /dentical trials;

why can't probabilities change?
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Probability = ‘long run relative frequency’ of an event

in principle can be measured objectively

e.g. rolling a die. G What is p(l) ?

If die is ‘fair' we expect p(l) = p(2)=...= p(6) =%
These probabilities are fixed (but unknown) numbers.
But objectivity is an illusion:

What can we say about the fairness of the die after
(say) 5 rolls, or 10, or 100 ?
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In the frequentist approach, a lot of mathematical machinery is
defined to let us address this type of question.

° Random sample of size M , drawn from underlying pdf

° Sampling distribution, derived from underlying pdf
(depends on underlying pdf, and on M )

° Define an estimator - function of sample used to
estimate properties of pdf

° Hypothesis test - to decide if estimator is ‘acceptable’,
for the given sample size

How do we decide what makes an acceptable’ estimator?
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In the frequentist approach, a lot of mathematical machinery is
defined to let us address this type of question.

n = 100 n = 10000

%

e
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Example: measuring a galaxy redshif+t

True redshift = Z5  (fixed but unknown parameter)

Compute sampling distribution for Z, and Z, , modelling errors

1. Small telescope p(2)
low dispersion spectrometer A p(Z,) |
Unbiased: N

Repeat observation a

large number of times

= average estimate is
equal to z, p(z,)

E(z,) :_[21 p(zl; Zo)dil = £ M > =
z

BUT var|z,| islarge
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Example: measuring a galaxy redshif+t

True redshift = Z5  (fixed but unknown parameter)

Compute sampling distribution for Z, and Z, , modelling errors

2. Large telescope p(2)
high dispersion spectrometer A 0(z,)

but faulty astronomer! \

(e.g. wrong calibration)

Biased:
E(2,)=[2,p(zi2,)dz, # 1z,

BUT var|z,] is small M

Better choice of estimator (if we can correct bias)?
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The Sample Mean

{X,--, Xy | = random sample from pdf P(X) with mean #
and variance g2

Ho= —in = sample mean

Can show that ‘ E( l[j) = U ‘ unbiased estimator

But bias is defined formally in terms of an infinite
set of randomly chosen samples, each of size M.

What can we say with a finite number of
samples, each of finite size?
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The Sample Mean

{X,--, Xy | = random sample from pdf P(X) with mean #
and variance g2

_ 1
H = —Z X; = sample mean
M 3
Can show that ‘ E( l[j) = U ‘ unbiased estimator
R o2 as sample size increases, sample
and |Vvarfu] = — mean increasingly concentrated
M hear to frue mean

N

UNIVERSITY

- ISYA. Ifrane, 2" - 23 July 2004




The Central Limit Theorem

For any pdf with finite variance o’ as M >
1 follows a normal pdf with mean £ and variance o’ M

: =10 i . n=20
g E

E _ N4 J ,!_ _ = DO
B} ﬂl 1 af
"g ET) 1 12 "a 1]

UNIVEfl}lSITY ]‘l{ij {w

GLASGOW ISYA. Ifrane, 2" - 23rd July 2004




The Central Limit Theorem

For any pdf with finite variance o’ as M >
£ follows a normal pdf with mean # and variance o° | M

Explains importance of normal pdf in statistics.

But still based on asymptotic behaviour of an
infinite ensemble of samples that we didn't
actually observe!

No ‘hard and fast'rule for defining good’
estimators. FPT invokes a number of principles -
e.g. Maximum likelihood, least squares

See later.........
Y SR 111111111111 | - —— 111111 o—— T

an 1 [T [-] ] [T} 1
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In the Bayesian approach, we can test our model, in the light of
our data (i.e. rolling the die) and see how our degree of belief in
its 'fairness’ evolves, for any sample size, considering only the
data that we did actually observe

Posterior Likelihood Prior
/ \ /
v
p(model|data,l) oc p(data|model, 1)x p(model|l)
What we know now Influence of our What we knew
observations before

Astronomical example:

Probability that a galaxy is a Seyfert 1
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Seyfert Galaxies

® These are generally spirals with highly luminous, unusually

blue nuclei.

(Appear star-like with short exposures)

L ™ ,..

(a) (b)

=i N - .
Increasin EXpOIUre time
&
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Seyfert Galaxies

Spectra show strong emission lines (both allowed and forbidden
transitions), due to Doppler motions.

Originally two sub-classes identified:

Seyfert 1 1.0 H]ﬁ
Hy [l [0 111
Broad emission lines, . " | h
E ) |
i %" i f Fe II ||
Allowed transitions: | .1%"‘."_(.,‘\”# .\kﬁﬁ“mﬂdil 1""""\. Fe Il |
v~ 1000 — 5000 kms™ 3 : AN
= MRK 1243
Forbidden transitions:

']. F "y [l 1
v = 500 kms 0.0
3500 4500

Wavelength (A}
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Seyfert Galaxies

Spectra show strong emission lines (both allowed and forbidden
transitions), due to Doppler motions.

Originally two sub-classes identified:

o II
Seyfert 2 1.0, | ~ [0 111 R
Narrow emission lines, MR L1557/
| 5
Allowed + forbidden = 0cl
transitions: % a
Yo SGD 1{1'1'15_1 = | [ 1] Hp
] L
0.0 pateb
_ 3500 4500
Wavelength (4)
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The Unified Scheme

Radio loba

Cross-section view

Particle beam

‘]ﬂt

+ &= L
- -. .
Foye L] ’ .
N <l . .
g Black hole and I o L
. i ' " ' . L wd
Vi - accretion disk LI - )
L <0 . - e T Y e e
. % . PR
Particie i, . S

‘h "’ L / A ~ Disk / \f g
| 3 o T e
) .': \ o line - S

Particle "
beamn '

Radic lobe

=1pc
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The Unified Scheme

Basic physical mechanism is the same for all AGN

Which type of AGN we see depends mainly on viewing angle

A. Optically thick accretion torus
blocks continuum from inner disk, and i
emission from rapidly moving, '

Jet

photoionised broad line clouds.

Disk
: - A - R
We see some jet continuum + :> prm— Forus

. . . li
emission from low-density, slower clouds

: : 2 Hlm'mw-lim
moving narrow-line clouds. | | g

Y
= Sevyfert 2 (Spiral host
Yf (Sp ) Cross-section through AGN core
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The Unified Scheme

Basic physical mechanism is the same for all AGN

Which type of AGN we see depends mainly on wewing angle

B. Strong continuum emission from inner
disk + jet, and broad emission lines
from broad line clouds. L Jet

= Seyfert 1 (Spiral host)

 Disk
e | Toorns
Broad-
=
clonds .
" Marrow-line
. clouds

v

Cross-section through AGN core
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We want to know the fraction of Seyfert galaxies which are type 1.
How large a sample do we need to reliably measure this?
Model as a binomial pdf: 6 = global fraction of Seyfert 1s

Suppose we sample N Seyferts, and observe I Seyfert 1s

Likelihood =

i N_r 1 -
_ <«—— Pprobability of obtaining
Pu(r) e 1(1=0) observed data, given

model
Pos}erior Likeliwod Pjior
¥
‘ p(model |data, 1) o p(data | model ,1)x p(model |I) ‘
What we know now Influence of What we
_ our knew before
observations
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What do we choose as our prior?

Good questionl!

Source of much argument between
Bayesians and frequentists

Blood on the walls
If our data are good enough, it shouldn't matter!!

¥
‘ p(model |data, I) o p(data | model ,1)x p(model |1) ‘

| |
Dominates
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Can generate 'fake' data:-

1. Choose a 'true’ value of 6

2. Sample a uniform random number, X, from [0,1]

(use e.g. calculator, or see Numerical Recipes)

3. Prob(x< @) =86

Hence, if X< 46 = Seyfert 1

otherwise =  Seyfert 2
4. Repeat from step 2

UNIVERSITY
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Consider two different priors

Flat prior; all values of @ equally probable

- o

> S I

=
. - T | Normal prior;
b - peaked at 4 = 0.5
®0 | 02 | 0.4 | 0.6 | 0.8 | 0-
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After observing O galaxies

T T 1 I
~—~ =L A
— G
©
]
C =
© of 1
A
) —
=
o It ]
L]
o[ -
o " - il " l i | " B "
o 0.2 0.4 0.6 0.8 9
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After observing 1 galaxy: Seyfert 1

p(@| data, I)
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After observing 2 galaxies: S1+ Sl

p(@| data, I)

0.2
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After observing 3 galaxies: S1+ S1+ S2

p(@| data, I)

0.4

0.2

0 0.2 0.4 0.6 0.8 9
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After observing 4 galaxies: S1+ S1+ S2 + S2

p(@| data, I)
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After observing O galaxies

T T 1 I
~—~ =L A
— G
©
]
C =
© of 1
A
) —
=
o It ]
L]
o[ -
o " - il " l i | " B "
o 0.2 0.4 0.6 0.8 9
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After observing 4 galaxies: S1+ S1+ S2 + S2

p(@| data, I)
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After observing 5 galaxies: S1+ S1+ 52+ 52+ S2

p(@| data, I)
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After observing 10 galaxies: 5 S1+5 S2

p(@| data, I)

0.2
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After observing O galaxies

T T 1 I
~—~ =L A
— G
©
]
C =
© of 1
A
) —
=
o It ]
L]
o[ -
o " - il " l i | " B "
o 0.2 0.4 0.6 0.8 9
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After observing 10 galaxies: 5 S1+5 S2

p(@| data, I)

0.2
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After observing 20 galaxies: 7 S1+ 13 S2

p(@| data, I)

0.4

0.2

b S %
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After observing 50 galaxies: 17 S1+ 33 S2

p(@| data, I)

0.4

0.2

b S %
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After observing 100 galaxies: 32 S1+ 68 S2

p(@| data, I)

0.4

0.2

0.6 | 0.8 |
0

b S %
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After observing 200 galaxies: 59 S1 + 141 S2

p(@| data, I)

0.4

0.2

0.6 | 0.8 |
0

b S %
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After observing 500 galaxies: 126 S1+ 374 S2

08

0.6

p(@| data, I)

0.4

0.2

0.4 ' 06 ' o8 '
G

. e 2
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After observing 1000 galaxies: 232 S1+ 768 S2

0.6 08
1

p(@| data, I)

0.4

. e 2
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What do we learn from all this?

o As our data improve (i.e. our sample increases), the
posterior pdf narrows and becomes less
sensitive to our choice of prior.

o The posterior conveys our (evolving) degree of belief in
different values of @, in the light of our data

o If we want to express our belief as a single number we
can adopt e.g. the mean, median, or mode

o We can use the variance of the posterior pdf to assign an
error for 0

o Itisvery straightforward to define confidence intervals
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Bayesian confidence intervals

We are 95% sure that @
lies between o, and o,

0.8

95% of area
under pdf

Note: confidence interval
| not unique, but can !
| define e.g. shortest CI. .

p(@| data, I)

0.4

0.2

i A4 . :
0 02 ¢ 04 6, 0.6 0.8 0
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What do we learn from all this?

o As our data improve (i.e. our sample increases), the
posterior pdf narrows and becomes less
sensitive to our choice of prior.

o The posterior conveys our (evolving) degree of belief in
different values of @, in the light of our data

o If we want to express our belief as a single number we
can adopt e.g. the mean, median, or mode

o We can use the variance of the posterior pdf to assign an
error for 6

o We can equivalently define the posterior after 15t
observation as the prior for our 2" observation, and

SO onNn.
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Bayesian versus Frequentist statistics

@ is a parameter of the binomial distribution.
Preceding example illustrates Bayesian Parameter Estimation.

Frequentist approach: different philosophy

A parameter is a fixed (but unknown) constant of nature

No fundamental conflict here, however:-

Bayesian approach:

There is a distribution in our degree of belief about the value of the
parameter, not a distribution in the actual value of the parameter itself.
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Bayesian versus Frequentist statistics

@ is a parameter of the binomial distribution.
Preceding example illustrates Bayesian Parameter Estimation.

Frequentist approach: different philosophy

A parameter is a fixed (but unknown) constant of nature

e.g. the true redshift, z,, of plz)

a Galaxy is a unique humber A piﬁﬁ\. H
P(Z;Z,) generated by considering
(infinite) ensemble of samples, with

random errors, but all for the same
ID . P(Elj

Actual data = Likelihood, L /\»‘/’—\J\L\

(same as in Bayes' theorem) ‘0
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Bayesian versus Frequentist statistics

Frequentist approach: different philosophy

A parameter is a fixed (but unknown) constant of nature

Actual data = Likelihood, L

(same as in Bayes' theorem)

Now define likelihood function: family of curves generated by

regarding L as a function
of @, for data fixed.

Principle of Maximum Likelihood

A good estimator of ¢ maximises L -

: oL 0°L
i.e. %:0 and — <0
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Bayesian versus Frequentist statistics

Principle of Maximum Likelihood

A good estimator of & maximises L -

. oL %L
ie. —=0 and
PY: (92<0

0= 6,

)4. ’X

Observed value
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Bayesian versus Frequentist statistics

Principle of Maximum Likelihood

A good estimator of & maximises L -

. oL %L
ie. —=0 and
PY: (92<0

0= 6,

- /. ’X

Observed value
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Bayesian versus Frequentist statistics

Principle of Maximum Likelihood

A good estimator of & maximises L -

. oL %L
ie. —=0 and
PY: (92<0

/‘. - >X

Observed value
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Bayesian versus Frequentist statistics

Principle of Maximum Likelihood

A good estimator of & maximises L -

. oL o°L
ie. —=0 and
PY: 7 <0
0= 6y,
@ >

/4 h X

Observed value
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Bayesian versus Frequentist statistics: Who is right?

Frequentists are correct to worry about subjectiveness of
assigning probabilities - Bayesians worry about this toolll

Probability Theory

The Logic of Science

Ed Jaynes
(1922 - 1998)

See also

http://bayes.wustl.edu/etj/science.pdf.html
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Probability /s subjective;
it depends on the available
information

Subjective # arbitrary

Given the same background
information, two observers should
assign the same probabilities

'‘MaxEnt’' - See later




Bayesian versus Frequentist statistics: Who is right?

If we adopt a uniform prior, Bayesian estimation is formally
equivalent to maximum likelihood

¥
p(model |data, I) o p(data | model ,1)x p(model |1) ‘

But underlying principle is different.

(and often we should not assume a uniform prior - see later)

Important to understand both Bayesian and Frequentist
approaches, and always to think carefully about their
applicability to your particular problem.
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