
5.  Bayesian Model Selection
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“Everything should be made as 
simple as possible, but not simpler”
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Bayes’ theorem:

Laplace rediscovered work of
Rev. Thomas Bayes (1763)
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θθθ dMpM )|(),|p(dataEvidence ∫=

Average likelihood, weighted by prior
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• We can compute the odds ratio of two competing models.  This can be divided into 
the prior odds and the Bayes factor

• The Bayes factor is just the ratio of the evidences.
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Selecting Between Competing Models
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prior, p(θ | M)

likelihood,  L(θ)  = p(d | θ,M) 

a
prior_range

likelihood_range
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We can split the evidence into two approximate parts: 
the maximum of the likelihood and an “Occam factor”:
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prior, p(θ | M)

likelihood,  L(θ)  = p(d | θ,M) 

a
prior_range

likelihood_range

Lmax

We can split the evidence into two approximate parts: 
the maximum of the likelihood and an “Occam factor”:

The Occam factor penalises models that include wasted 
parameter space, even if they show a good ML fit.
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“It is vain to do with more what 
can be done with less.”

Occam’s Razor

William of Ockham
(1288 – 1348 AD)

Everything else being equal, we 
favour models which are simple.
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What if the error bars were over-estimated?

e.g. divide by factor  ∆
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What if the error bars were over-estimated?

e.g. divide by factor  ∆ = 2.0

9.513 =O

4.612 =O
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What if the error bars were over-estimated?

e.g. divide by factor  ∆ = 3.0

02.013 =O

2.512 =O
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Ireland et al. (2008)
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Ireland et al. (2008)

Significant peak?



Example from Sivia, Section 4.2:  How many spectral lines?

Model: Spectral lines

where
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Observed data:

+  noise

Blurring function
(assumed known) background

SUPA Advanced Data Analysis Course, Jan 5th – 6th 2011



Taking a uniform prior on  M  implies

where

and

likelihood prior
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Taking uniform priors on the                 implies

Simulated example

SUPA Advanced Data Analysis Course, Jan 5th – 6th 2011



Assume blurring function known….

SUPA Advanced Data Analysis Course, Jan 5th – 6th 2011



Highest evidence 
for 5 spectral lines
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Question 12: The evidence is smaller for                most 
likely because

A the ML fit is poorer for 

B the prior on        is smaller for 

C the improvement in the ML fit for                 is 
more than offset by the reduced Occam factor

D none of the above

5>M

5>M

5>MM

5>M
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Amplitudes and 
angles for  M=5
model
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Taking uniform priors on the                 implies

Evaluating this integral can be a 
major computational challenge
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θθθ dMpM )|(),|p(dataEvidence ∫=

Average likelihood, weighted by prior

• Calculating the evidence can be computationally very costly
(e.g. CMBR      spectrum in cosmology)

• How to proceed?...

1. Information criteria (Liddle 2004, 2007)

2. Laplace and Savage-Dickey approximations
(Trotta 2005)

3. Nested sampling (Skilling 2004, 2006;  http://www.inference.phy.cam.ac.uk/bayesys/ )
(Mukherjee et al. 2005, 2007; Sivia 2006)

lC

Approximating the Evidence
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Akaike Information Criterion     (Akaike 1974)

• Models with too few parameters give poor fit  first term large

• Models with too many parameters penalised by second term

• MC testing (e.g. Kass & Rafferty 1995):  can favour models with too 
many parameters

• ‘dimensionally inconsistent’

• Can give useful upper limit on number of parameters 

kL 2ln2AIC max +−=

Number of parameters in model
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Bayesian Information Criterion     (Schwarz 1978)

• Approximation to the Bayes factor

• Dimensionally consistent

• If  BIC(1) – BIC(2)  >  2             positive evidence favouring Model 2

• If  BIC(1) – BIC(2)  >  6             strong evidence favouring Model 2

( Jeffreys 1961; Mukherjee et al. 1998) 

NkL lnln2BIC max +−=

Number of datapoints used in fit

⇒

⇒
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Can we do better than the BIC?

• Laplace approximation to the Bayes factor:  
assume posterior well described by a multivariate Gaussian around    
best-fit parameters

Following Trotta (2005)

Unnormalised posterior
Best-fit (i.e. ML) parameters

Covariance matrix
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Comparing models        and        , the Bayes factor         satisfies

where

Likelihood ratio

Occam
factor

‘Width’ of prior

Number of parameters
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likelihood,  L(θ)  = p(d | θ,M) 
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prior, p(θ | M)

likelihood,  L(θ)  = p(d | θ,M) 
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Comparing models        and        , the Bayes factor         satisfies

where

Likelihood ratio

Occam
factor

‘Width’ of prior

Number of parameters
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Testing the Laplace approximation

From Trotta (2005)

Good agreement between
(MCMC sampled) posteriors
and Laplace approximation.
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Nested models?  Can do better!

Consider          with two parameters            ,

and ‘submodel’ with                 where                        .

• Assume  separable priors on parameters.

• Can show  (see Dickey 1971; Trotta 2005) that

Prior on       , evaluated at 

Marginalised posterior, evaluated at 

Savage-Dickey density ratio
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Nested models?  Can do better!

Consider          with two parameters            ,

and ‘submodel’ with                 where                        .

• Assume  separable priors on parameters.

• Can show  (see Dickey 1971; Trotta 2005) that

• No assumption of Gaussianity required

Prior on       , evaluated at 

Marginalised posterior, evaluated at 

Savage-Dickey density ratio

SUPA Advanced Data Analysis Course, Jan 5th – 6th 2011



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


