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Parameter estimation:

POS}CI’iOI’ leCllKOOd P/I‘ior

- :
p(model |data, I) o p(data | model ,7)x p(model |T7) ‘
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Parameter estimation: the Gaussian approximation

p(0 |data, I) o p(data |O,1)x p(O|1) ‘

Best' estimator: oP(0|data, 1)
00 0=0,

=0 <—— Maximise posterior likelihood

ol4

Equivalently, we can define ¢=1log p(6|data,/) and compute -

9:00
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Parameter estimation: the Gaussian approximation

p(0 |data, I) o p(data |O,1)x p(O|1) ‘

8p(<9 | data, I)

Best' estimator: =0 <e—— Maximise posterior likelihood

00 6=0,
. . or
Equivalently, we can define ¢ = log p(6|data,I) and compute Fvii
0=0,
Taylor expand /¢(6) around 6=6,:
ol4 1 0%/ )
ne) = o, )+— -0, )+— 0-06,) +
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Parameter estimation: the Gaussian approximation

p(0 |data, I) o p(data |O,1)x p(O|1) ‘

op(0| data, I)
00 0=0,

Best' estimator: =0 <e—— Maximise posterior likelihood

ol4

Equivalently, we can define ¢ =1logp(6|data,/) and compute -

9:00

Taylor expand /¢(6) around 6=6,:
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Parameter estimation: the Gaussian approximation

p(6|data, 1) = exp [E(H)]

Neglecting higher order terms in 6(6?)

p(6 |data, 1) oc exp(—%(@—@o)zj

2
where 4=— 0 l;
06|,
. : T : 2 0%/
This is equivalent to a normal distribution, with 0" =4 =— e
0=0,
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Parameter estimation: the Gaussian approximation

p(6|data, 1) = exp [E(H)]

Neglecting higher order terms in £ (0) <+— Gaussian approximation

p(0 |data, I) o exp(—%(@—@o)zj

2
where 4=— 0 l;
06|,
. : T : 2 0%/
This is equivalent to a normal distribution, with 0" =4 =— e
0=0,
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Parameter estimation: the Gaussian approximation

p(6|data, 1) = exp [E(H)]

Neglecting higher order terms in £ (67) <+— Gaussian approximation

p(0 |data, I) o exp(—%(@—@o)zj

2
where 4=— 0 l;
06|,
. : T : 2 0%/
This is equivalent to a normal distribution, with ¢ =A4=— e
0=0,

Can summarise inference from posterior by

0=0,t0
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Question 9:

Neglecting the higher order terms in the log likelihood
expansion produces a posterior which can be written as
a normal pdf because

The higher order moments of a Gaussian are all zero

The Gaussian pdf is uniquely specified by its mean
and variance

The logarithm of a Gaussian pdf can be written in the
form of a quadratic

All of the above



Question 9:

Neglecting the higher order terms in the log likelihood
expansion produces a posterior which can be written as
a normal pdf because

The higher order moments of a Gaussian are all zero

The Gaussian pdf is uniquely specified by its mean

The logarithm of a Gaussian pdf can be written in the

A
B
and variance
C
form of a quadratic
D All of the above




Parameter estimation: 2-D case

Recall our definition of varrance

o0

var|x| = j(x—<x>)2 p(x|1)dx

—00

Extends to 2 variables - covariance

corfer] = [ [l (=) pte, 1 sy

_w_
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Parameter estimation: 2-D case

Recall our definition of varrance

o0

var[x| = j(x—<x>)2 p(x|1)dx

—Q0

Extends to 2 variables - covariance

corfer] = [ [l (=) pte, 1 sy

—00—00

If x and y areindependent, cov[x, y] = 0

This is because p(x,y|1)=p(x|D)p(y|1)

Un1vers1ty
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Parameter estimation: 2-D case

‘ p(0,,0, |data, I) oc p(data |60,,0,,1)x p(60,,0,]|1)

8p(¢91, 6, | data,I)

'‘Best’ estimator: —0
00,
0,=6,,
o/
Compute  —- = where (=logp(6,,6, |data,l)
716;=6,,
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Parameter estimation: 2-D case

‘ p(0,,0, |data, I) oc p(data |60,,0,,1)x p(60,,0,]|1)

8p(¢91, 6, | data,I)

'‘Best’ estimator: —0
00,
0,=6,,
o/
Compute  —- = where (=logp(6,,6, |data,l)
716;=6,,

Taylor expand 4(6,,6,) around 6, ;
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Parameter estimation: 2-D case

Taylor expand £(6,,6,) around & :

ol ol
f(@l,ﬁz) = 6(6’019‘902) + (‘91_‘901) + (‘92_‘902) +
16,=6,, 216,=6,,
1 0/ ,  OX ) 0/
5 5(92 (91_901) + 2 (92—902) +2 (91—901)(92—902) +...
1 lg,=6,, 2 16,=6,, 17 7210,=6,,
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Parameter estimation: 2-D case

Taylor expand £(6,,6,) around &, :

or ov
g(g,g) — g(a ,0, ) + — -0 ) + W) +
1>V 01> Y02 00 et 1~ Yo 00 - 2~ Y2
1 0/ , 0% 2 0%l
5 5(92 (91_901) + 2 (92—902) +2 0 (91—901)(92—902) +
1 lg,=6,, 2 16,=6,, 17 7210,=6,,

p(91992 | dataa 1)

A Universit
of GlasgowY
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exp [~

1

2

Q] <+—— (Gaussian approximation

v
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Parameter estimation: 2-D case

Taylor expand £(6,,6,) around &, :

o/ o/
f(‘919192) = 6(0019‘902) + %0:90- 1_‘901) + W) +

1| 0%
2| 06°

0*/ 0*/

2

(‘91 o ‘901)2 +

0;=6 2

(62 o 902 )2 +2

_ 1692
0,=6,,

p(6,,0, |data, 1) o exp[¢(6,,6,)]

o exp [— %Q] <+— (Gaussian approximation

/ Maximising likelihood
2
X = Minimising x°
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Parameter estimation: 2-D case

Taylor expand £(6,,6,) around &, :

A Cl| 6 -6 Quadratic
Q = (‘91_610 92_‘920){ }(1 10) < form

2 2 2
where /1:862 B=a€2 c=-27
891 0,=6,; 892 60,=06,; 591562 0;=06y
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Parameter estimation: 2-D case

Taylor expand £(6,,6,) around &, :

A Cl| 6 -6 Quadratic
Q = (‘91_610 62_‘920){ }(1 10) < form

2 2 2
where /1:862 B=a€2 c=-27
a91 0,=6,; 892 60,=06,; 591562 0;=06y

This is a bivariate normal distribution with covariance matrix

52 = cov, = <(9i—9i0)(9j—9j0)> _ { 52/ }1

06,00,

Fisher information matrix

A University * )
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2
g
' 06,00,

is known as the Fisher information matrix

K

It provides a measure of how much information a given dataset
can yield about the parameters of a model.

We can see this most easily in the case where the Fisher
matrix is diagonal.

- -2 )
Then F = —dlag(o'1 yeees O, )

If the i” element of the Fisher matrix is large (negative),
the variance of parameter 6, is small (and positive).

In general the Fisher matrix (and covariance matrix) will not be
diagonal; the Fisher matrix then tells us which combinations of
the parameters are well constrained by the data. (see later).



& 7

So if, for our model:

o the likelihood is Gaussian in shape (or if we can approximate
it as Gaussian - i.e. if the higher order terms in the Taylor
expansion of the log likelihood can be neglected);

o the parameters have broad, uniform priors;

then the posterior will also be Gaussian.

If we can evaluate the first and second partial derivatives of
the log likelihood, we can:

o compute the Fisher Information Matrix:
o compute the Covariance Matrix of the posterior.

We can also compute credible regions for the parameters
(in fact for this we don't need the derivatives - see Section 6 )

University
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We can write the log likelihood as

06,,6,) = const —14%(6,6,)

Maximising likelihood
Now Zz :Zriin when (91992):(901:002) [ Minimising Ve }

so we canh write, for A;(z(@l,@z): ;(2(6’1,6’2)— f

06,.60,) = 06,.6,) —-LtAx*(6,,0,)
So that

p(6,,0,|data, I) = p(6,,0,, |data, I) exp|-1Ax2(6,,6,)

/

Maximum of the posterior

A University * )
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. . 2
Minimum ¥
= maximum /

Parameter estimation: 2-D case

1 & Ir'_.5 ]
p(6,,6, | data,])

#&*} DAL AN

o AR

e *-*‘~'-
J l
'f*‘:’*: ‘: *i

5 S
, f ll ~l . 'l‘ "' . b g = 9
1

This is a bivariate normal distribution with covariance matrix
-1

2
02 = COV. = <(6i_9i0)<6j_9j0)> - _ag_;ﬁ
i

Fisher information matrix

Un1vers1ty
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Parameter estimation: 2-D case Minimum 7’
I AU = maximum g
p(6,,6, |data,l) Piipd by
‘slice” of Ay //v ,ﬁ:]:*ljl.,_ N ,Igu;}'
N gmax — L ; ”J"'I1|' 'l‘,';...-"'ri.ﬂ,".h'.11 LA

#&*} DAL AN

o AR

e *-*‘~'-
J l
'f*‘:’*: ‘: *i

5 S
, f ll ~l . 'l‘ "' . b g = 9
1

This is a bivariate normal distribution with covariance matrix
-1

2
02 = COV. = <(6i_9i0)<6j_9j0)> - _ag_;ﬁ
i

Fisher information matrix
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. . 2
Minimum ¥
= maximum /

Parameter estimation: 2-D case

p(glaez | dataal) |

‘slice’ of Ay? —|
- gmax _,é

J'

h t'ﬁ. ﬁl‘

i W
fa‘*‘: ,1' 'i“n." .,}1“‘“ n.i‘{m‘
2 ;:.:.- o 1 1\‘““1:;‘

)/ F f *'fi#'l"'

2 : ’ ’

0 2 ::! ' :'#::"# 5 "* ot
2 .p 4 ' 4 iy

This is a bivariate normal distribution with covariance matrix
-1

2
02 = COV. = <(€i_9i0)<gj_9j0)> - _82_;9
i

Fisher information matrix

Un1vers1ty
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. . 2
Minimum ¥
= maximum /

Parameter estimation: 2-D case

1 & Ir'_.5 ]
p(6,,6, | data,])

‘slice’ of Ay’
- gmax _g

115444
n.r,g ;}' N i‘,,t"i“
- il 'r"i‘ G
H - y IFIJ JJ.!; *J.r"*r ' " "‘* * i‘ "t“
2 f

This is a bivariate normal distribution with covariance matrix
-1

2
02 = COV. = <(6i_9i0)<6j_9j0)> - _ag_;ﬁ
i

Fisher information matrix

Un1vers1ty
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Parameter estimation: 2-D case

1 & Ir'_.5 ]
p(6,,6, | data,])

We can compute the BN AR
Ay* That corresponds to Rl AOLX T
e.qg. 680/0, 950/0, 99% of |
the posterior pdf.

;.r,g. {, #-I" ﬁ»,'tﬂ'.
o '*#'ﬂ'ti“:"

We can draw contours SRS, . Ao -
f I b b. l . 5 - fJ'J' ‘ ". " "*: ‘i" - ‘_ L.‘E_;_
of equal probability 92 2 ”u”,:t R _
1

— Credible regions
for the parameters

Extends easily
Yo N paramefters
- or degrees of
freedom

Un1vers1ty
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Parameter estimation: 2-D case

S

p(glaez | dataa I)

We can compute the S
Ay? that corresponds to |
e.qg. 6870, 950/0, 99% of
the posterior pdf.

AN
QA AR AN AT
7

i ’_:3: :j::fb: 'i? Yatat

Wy ;'l“-':'t‘“

We can draw contours
Y, AANEL

- AN KOO '

oo Ed ‘ " * ‘ L . —

of equ al pro babil Ity A A A s
0

— Cr‘edi ble regions Ax? as a Function of Confidence Level and Degrees of Freedom

for the parameters

L/

P 1 2 3 4 5 6

. 683% | 100 | 230 353 472 580 704

Extends eGSllY 90% 271 461 6.25 778 924 10.6
to N parameters 954% | 400 | 617| 802 970 113 12.8
99% 663 | 921 113 133 15.1 16.8

- or degrees of |
o 99.73% | 9.00 11.8 142 16.3 182 20.1
freedom 99.99% | 15.1 18.4 211 23.5 25.7 278

From Numerical Recipes

@ University
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Parameter estimation: 2-D case

p(glaez | dataal) |

Contours of constant ‘fﬁ;,.r, ARG o
II";I‘” |"1J”~4'-,

probability are ellipses. il

Covariance matrix is
not in general diagonal

— What we infer
about ‘91 and 91 IS
not independent

Un1vers1ty
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Parameter estimation: 2-D case

92“7 p,=0.0

University

of Glasgow

COV[H1 ,0, ]

P valg ] Jvarlos]

|p | increases

— isoprobability contours elongate

SUPA Advanced Data Analysis Course, Jan 5th — 6th 2011

Can define correlation coefficient |
1< p<1 |
5
Covariance matrix becomes less diagonal
p 01
92 P =—0.7 |
2 01




O p=00 | 6 p=03

Parameter estimation: 2-D case

Can define correlation coefficient 1 [

cov|6,,6, ] di s _
P = 1< p<1 | , , . . .
Jvalo)] Jvarlo] g

Covariance matrix becomes less diagonal
= |p| increases W

— isoprobability contours elongate

8, 6
92 p=—0.7 6?2 p=09
Very important if we are interested -
only in one parameter of @
2 01
University
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Parameter estimation: 2-D case
92

o~

‘Best-fit’ value
of (92 ,found — o

from Y,
00,

J
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Parameter estimation: 2-D case
92

o~

‘Best-fit’ value
of (92 ,found — o

from Y,
00,

J
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Parameter estimation: 2-D case
92

o™ -

If we ignore the covariance,
‘Best-fit’ value : .
of @, .found — of| WE seriously underestimate | .
the uncertainty on 6,

=0
0,-0,, | VV

from Y,
00,

J

University
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L 1%

Question 10:

The marginal and conditional error bars on 6,
will be equal provided

cov]6,,60,]=0
covld,,0,]=1
cov]d,,0,|=-1

None of the above



Question 10:  The marginal and conditional error bars on 6,
will be equal provided

A cov]6,,60,]=0
B cov|d,,6,]=1
C cov]d,,0,|=-1

D None of the above



Parameter estimation: 2-D case

82

o™

‘Best-fit’ value
of (92 ,found — ©

from Y,
00,

J

= 0-(91 |0, :92091)

Marginal and conditional error -

bars only equal if cov]6,,6,]=0

I L i

0 2

University
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Parameter estimation: 2-D case

/ Ay?= 6.63

Ayl=271

Ay?=1.00

X

l'/

i

..'-I'r .'J_";':,{Ez 230
L~

E.I’

C.l'

Ax? as a Function of Confidence Level and Degrees of Freedom

I

P 1 2 3 4 5 6

683% | 100 230 353 472 580 704

90% 271 461 625 778 924 106

From Numerical Recipes 954% | 400 617 802 970 113 12.8
99% 663 921 113 133 15.1 16.8

99.73% | 9.00 118 142 163 182 201

99.99% | 151 184 211 235 257 278

A Universit
of Glasgowy
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Parameter estimation: 2-D case
92

. . . o™
Linear combination

of 4 and @, well

constrained by data \

o
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Parameter estimation: 2-D case
92

. . . o™
Linear combination

of 4 and @, well
constrained by data

Length of axes

determined by the i3
eigenvalues of the

Fisher information

matrix

0/ 1
Iy = 00,00 :[_O_;}

FO=10
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Parameter estimation: 2-D case
92

. . . o™
Linear combination

of 4 and @, well
constrained by data

Length of axes

determined by the i3
eigenvalues of the

Fisher information

matrix

0/ 1
Iy = 00,00 :[_O_;}

FO=10

& 0 2
0
Direction of axes are the eigenvectors of F 1
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Parameter estimation: 2-D case
92

. . . o™
Linear combination

of 4 and @, well
constrained by data

Length of axes

determined by the i3
eigenvalues of the

Fisher information

matrix

0/ 1
Iy = 00,00 :[_O_;}

FO=10

F determines how much
information we can learn
about our parameters

& 0 2
0
Direction of axes are the eigenvectors of F 1
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Parameter estimation: N-dimensional case

92

. . . o™
Linear combination

of 4 and @, well
constrained by data

Length of axes

determined by the i3
eigenvalues of the

Fisher information

matrix
P 0t _ [ o2] Analysis easily extends
' 06,00, ' ~ | to N parameters —
FO=.0 Principal Components

& 0 2
0
Direction of axes are the eigenvectors of F 1

University
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What is PCA?

Principal Component Analysis:

A method for transforming a multi-dimensional
dataset, consisting of a nhumber of statistically
dependent (correlated) variables, into a set of
uncorrelated variables: principal components

A University e )
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What is PCA?

Principal Component Analysis:

1st principal component = /inear combination of
the original variables that accounts for as much
of the variation in the data as possible

A University e )
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What is PCA?

Principal Component Analysis:

1st principal component = /inear combination of
the original variables that accounts for as much
of the variation in the data as possible

2" principal component = /inear combination

that accounts for as much of the remaining
variation as possible, and is orthogonal to PC1

A University e )
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The price of fish...

800
Price of herring (skilling per skippund), Copenhagen 1720-1800
o
3 ’
< o
E 600 -
o |
5 o o
< 2
o
400

200 250 300 350 400 450 500
Spring price
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Autumn price

The price of fish...

800

600

400

Price of herring (skilling per skippund), Copenhagen 1720-1800
Linear regression
200 250 300 350 400 450

Spring price

University
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Autumn price

The price of fish...

800

600

400

Price of herring (skilling per skippund), Copenhagen 1720-1800
i 1s* principal
component
200 250 300 350 400 450

Spring price

University
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The price of fish...

800
Price of herring (skilling per skippund), Copenhagen 1720-1800
2nd principal
component
S
a
€ 600 - 1s* principal
g component
<
400
200 250 300 350 400 450
Spring price
University
O_f GlangW SUPA Advanced Data Analysis Course, Jan 5th — 6th 2011

500




The price of fish...

800
Price of herring (skilling per skippund), Copenhagen 1720-1800
S
5
E 600 -
2
3
< -
In a high-dimensional problem we
may heed only a small number of
PCs to describe most of the
variation in the data
400 ‘ ‘ ‘ ‘ ‘

200 250 300 350 400 450 500
Spring price

A University * )
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Parameter estimation: 2-D case
92

. . . o™
Linear combination

of 4 and @, well
constrained by data

Length of axes

determined by the i3
eigenvalues of the

Fisher information

matrix

0/ 1
Iy = 00,00 :[_O_;}

FO=10

F determines how much
information we can learn
about our parameters

& 0 2
6
Direction of axes are the eigenvectors of F 1
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More advanced PCA

e PCA can be applied to any number of datasets of
any dimension

e Widely used for data compression and data
characterisation by only considering the highest
principal components, and throwing away those
that contain little correlation information.

e E.g., "eigenfaces”...

A University e )
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Generating eigenvectors by SVD

e A useful way of generating the principal

components is by carrying out a singular value
decomposition (SVD) on the data matrix:

A U S A
mXn mXn NnXn nXxXn
Data matrix eigenimage matrix weights images in

R AL R e

n source n eigen Thesjare the
iImages images pFizcipaI components
0
A=USVT

A University * )
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» ABSTRACT

- TOP

Singular value decomposition (SVD) is a technique commonly used in the| « ABSTRACT

 INTRODUCTION

+ A GENERAL GUIDE TO...

the dimensionality of subsequent least-squares fits. To establish the w APPLICATION OF SVD TO...

+ GENERATION OF THE MOCK...
« APPLICATION OF SVD TO...
calculated difference Fourier maps simulating those to be obtained in a + SVD AS A NOISE...

+ EXTRACTION OF MECHANISM FROM...
‘ . . . w DISCUSSION

atomic structures of one dark state and three intermediates were used in ~ ACKNOWLEDGEMENTS

analysis of spectroscopic data that both acts as a noise filter and reduces

applicability of SVD to crystallographic data, we applied SVD to

time-resolved crystallographic study of photoactive yellow protein. The
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Parameter estimation: Gaussian approximation

Taylor expand £(6,,6,) around &, :

o/ o/
f(‘919192) = 6(0019‘902) + %H:%. 1_‘901) + M) +

1| 8% 0°¢ 0/
2{ 56’12 ) (91 o ‘901)2 + 22 )i (92 o ‘902 )2 +2 1 (92 )oa, (91 o 901)(92 o 902 )] T...
p(6,,0, |data, I) =exp[£(6,,0,)]

= exp [_ %Q] <+—— (aussian approximation

Is the Gaussian approximation a good idea?
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Parameter estimation: Gaussian approximation

Taylor expand £(6,,6,) around &, :

ol o/
(0.0) = do,.0.) + 2 _e)+W)+
1°>%2 01>%~02 89 oy 1 01 ag - 2 02
1 ot 6,-6,,) + ot (6,-6,,) +2 o/ (6,-6,)6,-6,,)| +
1 01 2 02 1 01 2 02
2| 06] )t 2 ), 6,0 6,6,

Is the Gaussian approximation a good idea?

o Greatly simplifies calculations - only need to compute the elements of
the Fisher matrix (covariance matrix)
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Parameter estimation: Gaussian approximation

Taylor expand £(6,,6,) around &, :

of of
f(‘9196)2) = 6(6)01:‘902) + %6:0 1_‘901) + M) +
1 o 6,-6,,) + G (6,-6,,) +2 G (6,-6,)6,-6,,)| +
7 5(912 ) 1 01 86’22 )i 2 02 5918 )oa, 1 01 \*2 02

Is the Gaussian approximation a good idea?

o Greatly simplifies calculations - only need to compute the elements of
the Fisher matrix (covariance matrix)

o Nowadays, however, we can compute full posterior pdf. Not too hard

with present-day computers, even for large N
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Parameter estimation: Gaussian approximation

Taylor expand £(6,,6,) around &, :

o/ o/
f(‘919192) = 6(0019‘902) + %H:%. 1_‘901) + M) +
1| 0%
2| 067

Is the Gaussian approximation a good idea?

0%l 0%l
2

(‘91 o ‘901)2 +

0;=6 2

(62 o 902 )2 +2

_ 1692
0,=6,,

o Greatly simplifies calculations - only need to compute the elements of
the Fisher matrix (covariance matrix)

o Nowadays, however, we can compute full posterior pdf. Not too hard
with present-day computers, even for large N

Markov Chain Monte Carlo Methods - see later ‘
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Beyond PCA: ICA

o PCA works by diagonalising the covariance matrix of a
dataset, producing new linear combinations of the data
which are uncorrelated.

o If the data are Gaussian then PCA will produce combinations
which are statistically independent (all higher moments are
zero for a Gaussian).

e For non-Gaussian data, uncorrelated does not in general
imply independent. New method called independent
component analysis: linear transformation of data vector to
minimise statistical dependence of components.

[ Interesting applications to time series data]

A University b/ )
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COCKTAIL PARTY PROBLEM

Imagme you're at a cocktail party. For you it 1s no problem to follow the discussion of vour neighbours, even if there are lots of other
sound sources m the room: other discussions mn English and m other languages, different kinds of music, ete.. You nught even hear a
siren from the passmg-by police car.

It 1s not known exactly how humans are able to separate the different sound sources. Independent component analysis 1s able to do 1t,
if there are at least as many nucrophones or 'ears' in the room as there are different simultaneous sound sources. In this demo, yvou can
select which sounds are present m your cocktail party. ICA will separate them without knowing anything about the different sound
sources or the positions of the microphones.

ORIGINAL SOUND SOURCES

By clickmg the icons you can histen to the origmal sound sources.

<> 0l 9 BA

SAMPLES AT THE COCKTAIL PARTY

Listen to the mimxtures by clicking the microphones.

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ @

FOUND SOUND SOURCES

Below are the the sound sources separated by ICA. Note that they nught be in different order than the original ones.
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
http://www.cis.hut.fi/projects/ica/cocktail/cocktail en.cgi
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4b. Deflnmg Probabilities
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Bayesian versus Frequentist statistics: Who is right?

Frequentists are correct to worry about subjectiveness of
assighing probabilities - Bayesians worry about this tool!l

Probability /s subjective;
it depends on the available
information

Probability Theory

The Logic of Science

Subjective # arbitrary

Ed Jaynes
(1922 - 1598) Given the same background
information, two observers should
assign the same probabilities
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Bayesian versus Frequentist statistics: Who is right?

Frequentists are correct to worry about subjectiveness of
assighing probabilities - Bayesians worry about this tool!l

Probability /s subjective;
it depends on the available
information

Probability Theory

The Logic of Science

Subjective # arbitrary

Ed Jaynes
(1922 - 1598) Given the same background
information, two observers should
assign the same probabilities

But what should they be?...
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Bernoulli (1713) ‘Principle of insufficient reason'
Keynes (1921) ‘Principle of indifference'

(OXFORD SCIENCE PUBLICATIONS

Kassign the same probability to all. Y,

/; If we can enumerate a set of basic mutually h AI\II) fLTYASIS
exclusive possibilities, and we have no reason A BAVESIAN TUTORIAL
to believe that any one of these is more likely SECOND EDITION
to be true than another, then we should
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Bernoulli (1713) ‘Principle of insufficient reason'
Keynes (1921) ‘Principle of indifference'

(OXFORD SCIENCE PUBLICATIONS

~ DATA

(1

f we can enumerate a set of basic mutually ANALYSIS
exclusive possibilities, and we have no reason A BAVESIAN TUTORIAL
to believe that any one of these is more likely SECOND EDITION
to be true than another, then we should

Kassign the same probability to all. - |

X, =faceon top has i dots
p(X, |I)=+ forall i
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Bernoulli (1713) ‘Principle of insufficient reason'
Keynes (1921) ‘Principle of indifference'

(OXFORD SCIENCE PUBLICATIONS

7 ~ DATA

f we can enumerate a set of basic mutually ANALYSIS
exclusive possibilities, and we have no reason A BAVESIAN TUTORIAL
to believe that any one of these is more likely SECOND EDITION
to be true than another, then we should

Kassign the same probability to all. Y,

X, =faceon top has i dots
p(X, |I)=+ forall i

Agrees with common sense, but can we justify more fundamentally?

Un1ver31t *
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Bernoulli (1713) ‘Principle of insufficient reason’

Keynes (1921) ‘Principle of indifference'

g If we can enumerate a set of basic mutually h
exclusive possibilities, and we have no reason
to believe that any one of these is more likely
to be true than another, then we should

Kassign the same probability to all. Y,

X, are just labels, e.g. suppose we define

X, =tfaceon top has 7—i dots

Should stillhave  p( X, |[)=+ forall i

6
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Extending to continuum case,
Let X be alocation parameter.

Principle of indifference means we should have

Lp(x|[)dx = p(x+A|[)d(x+A)}

where A is a constant

Since dx = d(x + A) we must have

[ p(x|I)=constant }

A University e
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Similarly,
Let L be a scale parameter.

Principle of indifference means we should have

p(LIDdL = p(BLIDA(BL)

where [3 is a positive constant

Since d(fL)= fdL we must have [ p(LII)focl/L}

/

Jeffreys’ prior

A University ‘ )
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A Jeffreys' prior represents complete ignorance about the value of
a scale parameter.

It is equivalent to a uniform pdf for the logarithm of L

i.e. [ p(logL|I)dL = constant J

A University e )
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A Jeffreys' prior represents complete ignorance about the value of
a scale parameter.

It is equivalent to a uniform pdf for the logarithm of L

i.e. [ p(logL|I)dL = constant J

In fact what is referred to as a Jeffreys prior p(L|[1)ocl/L
is just the special case of a more general result.

Suppose our inference problem is described by a likelihood with
parameter(s) 6.

A University b/ )
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The Jeffreys prior is a non-informative (objective) prior defined

ol6) e 6]

Here [ ((9) is the Fisher Information defined as

16),, = E_a% In L(é)a%j InL(6)

[ Note this expression reduces to that for the Fisher matrix given in
Section 4a for the special case of a Gaussian likelihood. ]

Key feature: the Jeffreys prior is invariant under any
re-parameterisation of 4




Testable information

How do we deal with more complicated situations?

e.g. suppose we know that, when our die was rolled many
times, the average result was 4.5 (and not 3.5)

®

How do we use this information to constrain p(X,- | 1) ?

Jaynes (1957) suggests maximising the Entropy

6 6 6
S = —Z )2 log[pl,] subject to Zpi —]1 and Zipi =45
i=1 i=1 i=1
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T From Sivia, pg 114

We can solve for the p; 0.4
using Lagrange Multipliers.

0.3
But why MAXENT? il 5o

| 2 3 4 5 )

Number of dots |

We can justify the importance of MAXENT via two approaches:
1) Independence argument (the kangaroo problem)

2) Shannon's Theorem and multiplicity (see notes on website)

A University b/ )
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Consider the Kangaroo problem!

K Information:  1/3 of all kangaroos have blue eyes, \
1/3 of all kangaroos are left-handed
Question: On the basis of the above information alone,
what proportion of kangaroos are both blue
K eyed and left-handed? /

A University * )
Qf GlangW SUPA Advanced Data Analysis Course, Jan 5th — 6th 2011 SUPA




L 1%

Question 11:

Assuming that eye-colour and handedness are
uncorrelated for kangaroos (humans?), we
expect the proportion of kangaroos that are both
blue-eyed and left-handed to be:

Zero

100%

1/9

1/3



Question 11:  Assuming that eye-colour and handedness are
uncorrelated for kangaroos (humans?), we
expect the proportion of kangaroos that are both
blue-eyed and left-handed to be:

A Zero
B 100%
C 1/9

D 1/3



Consider the Kangaroo problem!

/ Information:  1/3 of all kangaroos have blue eyes, \
1/3 of all kangaroos are left-handed
Question: On the basis of the above information alone,
what proportion of kangaroos are both blue
\ eyed and left-handed? /
Lefi-Handed Left-Handed
True False True False
3 _é o F”: T E 0< 1{.11 l; X
& mf . ;TL - T}j ~ X > 4+X
b §9 i 3
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We know that: p, + p,+ p,+p, =1

p1+p2:1/3 p1+p3:1/3

What is X ?

Independence arguments favour x =1/9

Lr‘_.”—Hqu'r'd I,t’_f}‘ﬂ Handed

True False True False
Y F 1 2 B e RREES] TR
= 2 ) = 2 | S
L?...: ?”1 -Jr_; I_E ?‘ X ; 4+ X
Umvers1ty
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We know that: p, + p,+ p,+p, =1
p1+p2:1/3 p1+p3:1/3

What is X ?

Independence arguments favour x =1/9

Varnational function Optimal x Implied correlation
MAXENT — — ¥ p log.(p 0.1111 None
—-¥Lp? 0.0833 Negative
2. log (p,) 0.1301] Positive
X yfp_, 0.1218 Positive

Un1vers1ty *
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MAXENT and common pdfs

Suppose we only know the expected value, L , of a

continuous physical quantity, X

What should we assignas  p(x|[) ?

Using MAXENT it can be shown that
4 N

1 |
p(x | IL[) = — expﬁ_ ﬁj Exponential

distribution
7 7
\ /
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MAXENT and common pdfs

Suppose we only know the expected value, UL , of a

discrete physical quantity, N

What should we assigh as p(x|1) »

Using MAXENT it can be shown that
4 )

N —u
€ 01Sson
p(N )=~ P

N' distribution
\ /

A University * )
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MAXENT and common pdfs

Suppose we only know the expected value, p , and

(x—u)" =0 of a continuous physical quantity, X

What should we assign as  p(X | I) »

Using MAXENT it can be shown that

4 I
p(x|p,0)= ﬁl eXp| — =) i
? 2 TO 2 02 distribution
N %
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MAXENT and common pdfs

Suppose we only know the expected value, p , and

(x—u)" =0 of a continuous physical quantity, X

What should we assign as  p(X | I) »

Using MAXENT it can be shown that

i (x—p) \
1 X— U
x| u,o)= exXp| — Normal
p ( | lLl ) / 272_0_ p 2 02 distribution
\_ J

MAXENT justifies the relevance of common pdfs
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