Astrophysics ASTR3415
Homework Assignment No.3
(Due 11/09/05, 5pm)

The Schwarzschild metric describes the spacetime near to an isolated stationary point mass
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.  In standard spherical polar coordinates, and including explicitly the dependence on the speed of light and the gravitational constant, this metric has invariant interval
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The proper time is given by the expression 
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1. Consider a test particle in a circular equatorial (i.e. with 
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 and angular velocity 
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.   Show that for the test particle the relationship between coordinate time interval 
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 and proper time interval 
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2. Another test particle is also moving in a circular equatorial orbit of radius 
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 and with the same angular velocity as the first particle.  Using the binomial approximation
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show that, in a given coordinate time interval, the ratio of proper time intervals experienced by the two test particles is given approximately by
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3. A communications satellite is in a circular, equatorial, geostationary
 orbit at a height of 35900 km above the surface of the Earth. An atomic clock onboard the satellite is initially synchronized with another atomic clock, which is in a laboratory at sea level on the equator.
a. Verify that the angular velocity of the satellite (and the Earth) is 
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b. Use the formula from Q.2 to calculate the ratio of proper time intervals measured by the atomic clocks on the Earth and on the satellite.  Hence show that for every second of proper time measured by the clock on the satellite, the clock on the Earth measures a proper time which is about 0.54 nanoseconds shorter.
[10]
The figure below shows the path of a light ray from a distant source  S, deflected through an angle 
[image: image15.wmf]a

 by a close encounter with a point mass gravitational lens, M, exactly collinear with the source and observer  O.
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4. Show that the angular Einstein radius 
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 of the lens satisfies  
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5. Hence prove that, for a fixed source distance 
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, the area of the Einstein ring is a maximum when the lens is exactly midway between source and observer.

(Hint:  the area of the Einstein ring is given by 
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6. According to GR, a test particle moving in the Schwarzschild metric will follow a precessing elliptical orbit, in which the pericentre line advances each orbit by an angle of 
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, and the mass 
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 is measured in units of length.
The solar-mass star HD83443 has an extra-solar planet that follows a circular orbit of period 2.986 days and radius 0.038 AU.  Calculate the rate of advance, in arcseconds per year, of the pericentre line of the planet’s orbit.  (Note that the semi-latus rectum of a circle is simply equal to its radius).
[8]

7. Recently emission lines from gas in the radio galaxy M87 (a giant elliptical in the core of the Virgo cluster) have been observed with HST.  Orbital motions of 
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 have been measured, at a radius of 0.25 arcsec from the centre of the galaxy.  Assuming that the distance of M87 is 16 Mpc, show that a mass of about 
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 solar masses must lie inside this radius.
[6]

Some constants you will need to answer these questions:
Schwarzschild radius of the Sun = 
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Mass of the Earth 
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Radius of the Earth 
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Total:  [50]
� Geostationary means the satellite stays above the same location on the surface of the Earth.  Hence, take the rotation period of the satellite to be exactly 24 hours.





_1191798434.unknown

_1191800859.unknown

_1191803724.unknown

_1191805814.unknown

_1191805885.unknown

_1192272553.unknown

_1191805841.unknown

_1191805577.unknown

_1191801863.unknown

_1191802160.unknown

_1191800883.unknown

_1191800529.unknown

_1191800808.unknown

_1191800845.unknown

_1191800790.unknown

_1191798643.unknown

_1191797671.unknown

_1191798038.unknown

_1191798208.unknown

_1191797676.unknown

_1138042040.unknown

_1169404765.unknown

_1169407293.unknown

_1169409958.unknown

_1169406965.unknown

_1138042144.unknown

_1138041861

_1138041930.unknown

_1137407170.unknown

_1138041437.unknown

_1137407019.unknown

